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BAI TOAN GIA TRI BIEN TONG QUAT DOI VOI
DA THUC CUA CAC TOAN TU KHA NGHICH PHAI

Pham Quang Hung
Khoa Todn Co - Tin hoc, Dat hoc Téng hop Hd Nés

Tinh chit ¢(R) cda cic todn td ban d3u sinh bdi mét toin ti khid nghich phdi di dwec D.
Przeworska - Rolewicz dwa ra vi 4p dung gili cic bii todn gid tri bién trong [1], (2], [3], [4].

W. Z. Karwowski vd D. Przeworska - Rolewicz di 4p dung gidi cdc bai todn gi4 tri bién tong
quit tromg [9].

Trong bai bido niy ching téi dwra ra khai niém tinh chit c¢(R) - suy réng va ip dung gidi bai
todn gid tri bién tdng quit:

N
ZQkD"r=y, F,D"z:x}-h
k=0

trong 46 F, (5 =0,1,...,n— 1) |2 c4c todn tir ban diu ¢4 tinh chit ¢(R) - suy réng, z,x € ker D
(kel;, =0,1,...,n).

1.

Gid st X 12 mot khong gian tuyén tinh trén truwomg 7 (4 diy F = R hoic F = C. L(X) 1A
tip tdt c& cic todn tir tuyén tinh tdc ddng trong khéng gian tuyén tinh X. Ky hidu:

Lo(X)={A€ L(X) : dom A = X}.

M6t toan td D € L(X) duoc goi 1a khi nghich phdi néu 3R € L(X), sao cho Im R € domD
vi DR = | trén dom R.
Néu todn tir D 13 khi nghich phdi thl ta viét D € R(X). Néu tdn tai mét nghich ddo phdi
R € Lo(X) thi ta viet D € Ro(X), Re Rp.
Ky higu:
Fp ={Fe€ Ly(X) : FX=kerD, F?=F va ek FR= 0}

D

M6i mét todn t F € 7 sao cho FR = 0 d6i véi mét R € Rp dwoc goi 1a todn téd ban dau
cda D twong dng véi R,
Ta cé:

n—1

ker;‘:)"={Z:R“’z;= : z.-.,zl,...,z,ﬁlekerD}, neN
k=0

Ky hiéu:
P,(R)=lim{R*z : z€kerD, k=0,1,...,n—-1}, n€eN.
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Ta di biét P,(R) = ker D" <> dim ker D = 1.
Néi chung trong trwdng hop tdng quat thi P,(R) (;‘e: ker D".

Dinh nghia 1. [2]. Cho D € Ro(X) vi R € Rp. Mét todn ti ban diu Fy € 7 duoe goi Ia
cé tinh chdt c(R) néu tdn tai hing &8 cx sao cho:

FyR*z =c,z, d8ivéimoiz€kerD, keN.

M3t tip 7 C Fp cé tinh chit ¢(R) néu mdi mét F € 73 c6 tinh chit ¢(R).

Dinh 1y 1. [2]. 73(R) = 7p ¢ dim ker D = 1
Ta 44 biét, né€u dim ker D > 1 thi khéng phai moi todn td ban d&u déu c6 tinh chit ¢(R).

Dinh nghia 2. Cho D € Ro(X) vd R € Rp(X). Mdt todn t& ban diu Fy € Fp dwoe goi la

c6 tinh chit ¢(R) - suy rdng néu nhw tdn tai cdc khong gian con Zi,...,Z, cda ker D sao cho:
i/ keeD=@D2Z; Z;#{0)}; ZnzZ ={0}, i#;5 i,j=12...,s (1)
j=1

ii/ Ton tai hdng 6 cx; € 7,

FoRFz; = cpjz; dBivéitited 2, €2Z;, keN (2)

Néu Fy € 7p cé tinh chit ¢(R) - suy rong thi ta viét F, € C;(R)

B3 dé 1. F, € C¢(R) <6 tinh chit c(R) khi va chi khi d&i véi Z; C ker D bit ky (57 =
1,2,...,s) thda man (1), ton tai hdng 88 ¢, € 7 sao cho

FoRFz; = cy2;, Yz, €2;, (1=1,2,...,9) (3)

Ching minh:
VzekerD, 2;,€2; (5=12,...,8),

sao cho: z =2, + --- + z,. Khi dé:

F.R*z = Z':Fuﬁkz,- £ ickz,- = Cj izi = ¢r2.

=1 =1 j=1

Tir b8 & 1 ta thiy ring F, € #p. cb tinh chit ¢(R) thl F cé tinh chit ¢(R) - suy rong.

Vi du dwéi diy chi ra rdng tbn tai Fy € Fp cb tinh chit ¢(R) - suy réng, nhung khong cé tinh
chit ¢(R).

di

Vidul. Cho X =C*(R), D= —5;

t r

(RX)(2) = f f 2(0)dodr, kerD = {ae, + fes);
[ ]

e; = 1, ey =1, Zl =li.Il{¢1 }, Z';:lill{ﬂg }
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(Faz)(t) = 2(0) + 5lz(1) + a(-1)| € 7,

(Fuz)(t) = 2'(0) + -;-[:(1] ~z(-1)| € F.

Dé dang thiy ring: F'Oz = fy; FI" = R,

R=FR: &diy (Roz)(t)= fz(t)dt,

d =
D=D? &diy D, = % FoX =kerDy, Fy X = ker Dy,

(Foz)(t) = (Foz)(t).e, + (Fiz)(t).e2; €2 = Ryey.

Xét 2, € Z), 23 € Z5, khi db ta cbd: 2; = aey; 25 = fe,.
Ta cé:

F{)szl :I FQREI‘ZI = G(Pﬂﬁ%keil.ﬁi + G{Pl R3k61)+£2 =
_E(l)“ﬁ-(—l)m‘ , 2(1}‘21:_[_1}2& | B _1_“
=2 (k) T T T 2k 27 2™

R 2y = Fﬂkﬁkﬂﬁ = ﬁ(ﬁ'ﬁf}gkﬂel]-fx + ﬁ(ﬁlﬁﬁkﬂﬂl)-e: =
ﬂ (1}2k+1 + (_1}2k+l ﬁ (1)2!‘-‘1‘[ - {_1)'2k+1 1
T2 @k+1r e @mr 2T @mEe

Tir dé ta cé:

1
FﬂRkZI = E};ﬁzh Vz, € 2,

1

FoRt*2 = 2k + 1)1 %

Ve, € 25

Nhw vdy: Fy c6 tinh chét ¢(R) - suy rong nhung khang cé tinh chit ¢(R), (vl (2k)! # (2k+1)!
va theo b d& 1).

2. BAI TOAN GIA TRI BIEN TONG QUAT

Gid sk D € R(X), Fo,Fy,...,F,_ ¢6 tinh chit ¢(R) - suy réng twong @ng véi chc khéng
gian con Z,,...,Z, cda ker D (F; # F, v&i 7 # k).

Cho n tip hiru han I; cda cdc khodng khong Am véi #1; =rj5ro+ry+ - +rp_y = N.
Xét todn tik:

N
@p = Z QxD*
k=0
trong 46 Qo,...,Qn-1 € Lo(X), Qn = 1. ,
Bai todn gi4 tri bién téng qudt ddi véi todn ti Q(D) 13: Tim tit cd nghiém cda phwong trinh
Q(D)z=y, ye X (4)
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thda man diéu kién:

F;D*z=12;x, zjn€kerD (kel;, 7=0,1,...,n—1)

Theo gid thiét Fy,..., Fu_, 6 tinh chit ¢(R) - suy rong, ta cé:

F,szu = Cjkv, V2, € Z, v=12,...,s
keN
1=0,1,...,n- 1,

tir d6 ddi véi moi 2z € ker D (k=0,1,...,n — 1), ta cé:

L]

'] ]
FiR* 2, = F;R* Y 2= Y FiR'z = ) iz Vow € Z,
v=1 =1

=1

Viét:

bjx = (c_,-m,cj-kg,. 5 c,-k,}

Zk = (zh, P ,zg,}T
Wy = (bp) 3,k=0,1,..., N-1
Vi i=detWy.

()

Gih st bai todn gié tri bién d8i véi todn tik Q(D) = DV1a thiét 1ip ding din, tirc 13 bii todn:

DVz=y
F,D"z=:c_,—k (kely; 3=0,1,...,n-1)

¢é nghiém duy nhit d8i véi moi y € X vi z,4 € ker D.

(6)

Ta d3 biét (xem trong [8] bai todn (6) cé nghiém duy nhit d8i véi moi y € X va 2, € ker D

véi gid thiét
Vv =det Wy #0
va
B,-sz = bjxz, z€E€kerD

BP0+---+':-|+"'1 = F.T"Dk]m
m=1..,r,
1=0,1,...,n~ 1.

Nghiém cda bai todn (6) viét dwéi dang:
I = UN(In,.H,Iy,.l)

trong dé:
zrn+--~+r,-;+m- = Zik;mo (m = 1..0,75 1=0,1,...,n— 1)
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N-1
Uy(zo,-.- zn-1) = Z Vn,(R)z;

=M
5 (11)
Vislt) = Ve }_,(“I]HJVN;kfk

k=1

{_',' -'-"-0,1,...,1’\'1— ])

vd Vy,k 13 dinh thic con sinh béi dinh thire Vv gach di ¢dt thé k va hang the 3, (5,k =
0,1,...,N -1).

Dinh nghia 3. Gid st D € R(X), cdc todn tit ban d3u Fy, Fy, ..., F,,-; c6 tinh chdt ¢(R) -
suy rong va Vi # 0, cho Bq,..., B,,_; xdc dinh b&i (8), todn ti Gn xic dinh nhwr sau:

Gnu=Uy(Bou,...,By_1u) d6ivéiue domDV-! (12)

trong d6 Uy xdc dinh b& (11).

Todn t Gy dwoc goi 13 todn tir Green ddi véi toan t DV véi didu kién (5).

Bo de 2. Gidsk Fy,..., Fy_, c6 tinh chit ¢(R) - suy réng, khi dé mdt phin ti z € dom DV
thda min diéu kién (5) khi va chi khi né ¢6 dang:

I‘Z[I—GN)RNH-i' UN(IEH---:IN——I) (13}

Chirng minh bé d& niy giéng nhw chimg minh hé qui 3.3 trong [8].

Dinh 1y 2. [9]. Gid s tit cd cic diéu kién cia dinh nghia (3) dwoc thda man,
Ky hiéu:

N=-1

G(t.p) = Y Qut*pV 5, Qu,....Qn-1 € Lo(X) (14)
k=0

Q(!:- P) =2 f'N + é(t:P]

QD) =Q(D,1); Q"(R)=Q(LR) (15)

Khi dé bii todn gid tri bién (4), (5) twong dwong véi phrong trinh

[+ GR(R)|u=zn (16)

trong da:
Gx(R) = Q(I,R) - Q(D)GNRY (17)
Xy =y-— C}{D}UN(m,,‘ .« ZN-1) cho truwédc (18)

Hé qua 1. Gid s tdt cd cdc diu kién cda dinh nghia (3) thda min:

(1) Néu —1 13 mét gid tri chinh quy cda toan t G (R) thi bii toin (4), (5) 1a thi€t lip ding
din va nghiém duy nhit cda bai todn li:

z=(I-Gn)RN|I+ G} (R)] 'zn
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(ii) Néu ~1 13 gid tri riéng cda todn t& G (R) thi bai todn (4), (5) 13 thiét 14p khéng ding
din, hay baii todn khéng c6 nghiém ho¥c cé nhigu hon 1 nghiém. Baii todn (4), (5) ¢é nghiém khi
va chi khi:

zy € [T+ G (R} X,

Néu diéu kién trén thda min thi cic nghigm cda bai todn (4), (5) c6 dang:
z= (I - Gn)RY (w + v),

trong dé w € ker|] + G}, (R)] bat ky va v 1A mdt phin ti ¢5 dinh bat ky cda nghich 4nh cda phin
tk zy bdi dnh xa I + G%(R).

Dinh ly 8. [9]. Gil s tat cd cic diéu kién cda dinh nghia (3) thda man va todn tf Q(/, R)
khi nghich. Néu toin t&

A=1T- GN RHIQ{I' R”“lé(pllkrrﬂﬂ

khi nghich trén ker DV thi todn t& I + G (R) kha nghich trén X.

Hé qua 2. Gil st tat cd c4c diéu kién cda dinh nghia (3) thda man va todn ti Q(/, R) khd
nghich. Nghiém cda bai todn gis tri bién (4), (5) cé dang sau:

T = RN[Q(I, R)|"'zy + Unzg,..., TN 1.

Dinh 1y 4. [9] . Gii stk tdt cd cic digu kién cda dinh nghia (3) dwoc thda min, khi dé todn
tir A khi nghich trén ker DV khi va chi khi hé

N=1
Y {bil — B;R¥|Q(I,R)| ' Q(D) R}z = 2. - B.RY(|Q(I, R)| ™'y, (i=0,1,...,N—1) (19)
k=1

c6 nghiém duy nhdt (2,...,25-1), & diy 20,...,2n5-1 € ker D.

Dinh ly 5. Gid s tit cd cic digu kién cda dinh nghia (3) dwoc thda man, khi d6 hé (19) cé
nghiém duy nhat khi va chl khi cdc todn ti

&, = B,{I - RV[Q(/,R)|"'Q(D)}, (:=0,1,...,N -1)

ddc 1ap tuyén tinh trén ker DV,

Chirng minh. Tir (8) ta cé: bz = B, R¥z, z € ker D, (v,k=0,1,..., Ny), khi dé hé (19) cé
thé viét lai duéi dang

N-1
Y BAI- RY|Q(L, R)| ' @(D)} R* 2 =, (20)
k=0
& day
vi =z, — BiRY|Q(I,R)| 'y€kerD, (i=0,1,...,N 1)
ta cd:

A E.
Zp = Z XppCuy Y = Z ﬁukeu
=1 r=1
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Viét:

ak = (akp,. .., Qks)
ﬁklztﬁkl,.”,ﬁk,] (k:c',l,.,.,N‘“l)

e:=(ey,...e)7

Tir d6 hé (20) c6 dang:

N-1
Y ax®i(R*e) = Bie (1=0,1,...,N - 1), (21)

k=0

trong A6 0 #e€ ker D, ag,...,an_1, Bo,...,Bn—1 1 chc hdng 8.
J\'_i

Xét v € ker DV, khi 26 v = Y. apRke, tr (21) ta ¢é6 ®,v = Bie, do 46 ®; 13 4nh xa tir
k=0 ;
ker DV vio ker D. Ditu ndy chimg té ring tdn tai cdc him tuyén tinh o; sao cho:

®,(R*e) = pi(RFe)e  (i,k=0,1,...,N -1).

Viét d;x = o, (R*e), (3,k =0,1,..., N — 1), khi dé tir (21) ta ¢6 hé¢ N phwong trinh véi N in

gy .. AN
N-1

Zdl'kak:ﬁi (i-‘:{})li'*'ihp_l) [22)

k=0

trong 46 fy, ..., Bn -1 1A cdc hing 88 di cho.
Ta di biét hé (22) ¢6 nghiém duy nhit khi va chi khi

det {dﬂc)i.k:n,____nrl £ 0.

Gid st @y, ..., ®n_, 12 phu thudc tuyén trén ker DV di¢u ndy cé nghia 1a ton tai cdc hing
$8 Yo, .-, 7N -1 khéng dong thoi bdng 0, sao cho:

N-~1 N-1

N-1 N-1 N-1
0= z 'qu'mv = Z "fm@m z ﬁkRkC = Z: Tm Z akﬁm(ﬂ"c) =

m=0 m=0 k=0 =) k=0
N-1 N-1 N-1
i Z Tm Z dn:kak Z: T ﬂm-
m=0 k=0 m=0

Tir 46 ta cé: det (dix)ik=01...n, =0, do 6 hé (22) khéng cé nghiém duy nhit hay hé (19)
khong ¢é nghiém duy nhét,

Nguwoc lai, gid stk hé (19) khong cé nghiém duy nhit. Diéu dé cé nghia la det (d;c); k=0, . .N-1 =

0, tirc i ton tai cdc h3ng 88 vy,...,vnv -1 khong dong th&i bing 0 sao cho:
N-1
Z 'Ti.Bl =0
i=0



Khi dé:

N-1 N-1 N-1
0= ( Z 'Tiﬂi)‘ = ( Z Vi Z ds‘kﬂk)f =
=0 k=0

=02

T N-1
(S Eowwdle= (3 0).

=0 =0
trong d6 v € ker DV
Tir d6 ta c¢6 @,...,Pn-; 12 phu thudc tuyén tinh trén ker DV,
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GENERAL BOUNDARY VALUE PROBLEMS FOR POLYNOMIALS
IN RIGHT INVERTIBLE OPERATORS

Pham Quang Hung
Faculty of Mathematics, Mechanics and informatics
Hanot University

The ¢(R) - Property for initial operators induced by a given right inverse was introduced and
applied to boundary value problemsa and general linear boundary value problems for polynomials
in right invertible operators by D. Przeworska-Rolewicz, Nguyen Van Mau and W. Z. Karwowski.
In this paper we introduce the generalized ¢(R) - property and apply to solve the general boundary
value problems.

N
Y QD*z=y, FiD*z=1z4, (kel, j=0,...,n-1).

k=0
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