FAP CHf KHOA HOC No 5 - 1001
dus Die Tién

'HUONG PHAP HAM TROI LIAPUNOQV VA
JAI TOAN BIEN TUAN HOAN PHI TUYEN

Trong bai ndy ta sé nghién ctru su hdi tu cda phirong phip lip dom gidi bai todn bién tuln
san phi tuyén:

2™ = f(t,z,%,...,2'"), D<t <l

. ‘ AR 1
z“)(G) £ I(;l“)' j=0,n-1 ( )
ing phuong phdp hdm tréi Liapunov.

1. DANG TOAN TU CUA BAI TOAN BIEN TUAN HOAN

Trong phin niy sé duwa bii todn (1) vé dang todn ti d¢ cb thé &p dyng dwgc phuong phép
an trdi Liapunov.

1.1. Dwa bai todn bién tuan hoan vé dang todn ti¥
B3 de. Khéng gian

X =Gy = {2 G a0 = 200 5 = 0T
i chuln Vz € X, |||=||| = max{||z|.[iz'"']]) = max( maxliz(t)l, ?}(?xulzt"’(t“) 1A khéng gian
tefo 1 te |0,

nach.

Ché¥ng minh: D& ddng kidwn tra ||| ||| 1A chuin. Ta ¢da phii chirng minh khdng gian X
i chuin ndy 13 diy dd. Gid st {z,} 1 diy co bdu trong X, suy ra {z,} vd {zi"’} 1A c’c diy
bin trong Cjp ) véi chulin Vy € Cloap liyl = 'xeni;x ly(e)l.
{01

Do (Cio.ap, | - I} 12 khéng gian Banach nén ton tai z,y, € Cjoy) sa0 cho z L vh

k-~ 00
DRINN Yn. Ta sé ching minh z € X.

k—+ 00
\ ¢ M
Xét z'h"'”(t) = zi"-l'((r) + [ z2,"'{«)ds. L&y tich phin hai v& tir 0 4&n 1 vA chd ¢ rlng
©
)(O) = zi”(l). 3=0,n-1,tach

L t
0= 11"' ”(0) + [ dt / ") (s)ds.
0 0
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Nén

() = / zy") (s))ds — [ dt [ 7, (s)ds — [ un (8)ds — f dt [ un(8)da = yo_ (¢
0 0 0 0 0

0

suy ra
In-1(t) = n(t) v yas(0) = lim £°77(0) = lim " "(1) = yu-a (1)
Twong tw
2 7() = Yn-a(t) v& §n-3() = va-1(t), ¥n-2(0) = va-a(1).
ti€n hinh dén buéc thi (n - 1) ta cb:

zx(t) — wl(t) %) = (6 w(0) = w(1)
Mit khéc z; el nén z = yo. D6 1A ditu phdi chimg minh.
—00
Dit:

Y=Cp,, YyeY : |yl= (as, fy(t)]

Bai todn (1) c6 thé dwa vé dang phwong trinh todn td sau:

Az = F(z)
trong 45 A € L(X,Y) 1 todn ti tuyén tinh giéi ndi, cdn F 12 todn td phi tuyén tir X vao
A: X—Y F: X-—Y
z(t) — z\"(t) z(¢) = f(t, 2, %, ..., 2™

Dt

Xy= {::E A /z(s)da = 0}, Xz = {conat}
0

Y1= {yEY i /y(a)da =0}, Yi= {com‘}
o

Ché § ring céc két qud & [1] déu ddng d48i véi cdc khong gian ndy nén: X = X
Y = Y], (53] Yz, kerA = XQ, ImA = Yl.

Goi A 1A han ché cda A trén X, thi A ¢6 nghich d4o giéi néi A~ ', Goi P va Q 1a ¢
chidu trén X va Y:

P: X—X Q:Y—Y,
1 1
z — [ z(s)ds vy — [y(s)ds
0 0
RG rang ImA = kerA, kerQ = ImA nén:
X=kerA®kerP, Y=ImA®ImQ vd rA"'=0
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Goi J 1A toén td tuyén tinh gi&i ndi tir ImQ lén Im P

J: ImQ — ImP

c— ¢
Tir (2] c¢6 (2) twong dwong véi phwong trinh sau

z=Pz+ JQF(z) + A (] - Q)F(z) = M(z)

1.2. Xy dyng A}
Xét bii todn b trg cda bii todn (1)

wim*1(e) = y(t)

w(0) =u()=0, Woj=uy) (=TA=T
Tir [1], bdm Grin cda (4) c6 dang:

ag+ ayt+ - +a,t" 0<t<s
bo+ bt + 4 b t" 1<t<1

G(t,s) = {

ong 46 a; = a;(s), b = b;(s), s = 0, n dwoc xéc dinh ti céc h§ phwong trinh sau:

nlC, =1

n %
Z-—?—'—C.-s“*=o, k=n-1Ln-2,...,10
=k (ﬂ—k)!

Ci=b—-a, 1=0,n
a =0

e

8!
gmbi =—(k~1)!Cr-y; k=1,
=

Ta chiéng minh rlng nghigém cda (8) tim dwgc theo cdng thic sau:

n-

N I, o 8 i G, g
G R

D C; = €

':_1 , thay vio (6) ta cé:

é. =
k=n- L
E; ‘_k)! 0, PSS (e T

Phdi chéng minh &, = %‘L-)%T , +=0,n
=n: ding.

(3)

(4)

(5)

(6)

(7
(8)

()



E R i
Vk<"'zm~§(:—k)'(n—l)' ZJ'!(R-J"‘")!

ety 2 R e el T

(n- k)! (n— k)

Tir (9), (7) vA (8) ta c6 hé n phuong trinh d€ x4c dinh b;, s =1,n

n . ntk—1
n-k_°% N T
g( k+1)! sy (n—k+1)t’ 7 (1
bo=(—l)“:ﬁ
vA n h§ thirc 4¢ x4c dinh a;, i =1,n
SRR g T (
ap =0
Gidi (10) v (11) ta x4c dinh dwoc G(t, )

T (1) tacé:
1
A= / %!y(a)ds, VyeY,
0

Thay vio (3) cc cdng thirc cda P, J, Q, A 'tacé

z(t) =j:(o)da+j F(z)(s)ds+

[ ﬂt_[p(,?(,) 2 / F(z)(r)dr]ds = M(z) (

1.3. Gidm nhe chuan

. Bai todn (1) dwgc dwa vé phwong trinh tich phin (12) trong khdng gian X g¥p nhidu |
khi&n do chufn ||| - ||| khé “ch¥t”. Ta chéng minh ring cé thé xét phuong trinh (12) trong kh
gisn Cio.y véi chuta [z = max |=(0)

Gik st ring domF C Cjp ). (Vf du, khi F(z) = f(¢,z(t)).
Nhéng A vdo Co,1].- Théc trién P lén todn Cjo . Khi 46 (12) x4c dinh trén domM = dom,

C{o'll.
Hién nhién néu z* € X 1a nghiém cda (12) thl z* € Cjo ;) vA ddng thiérc z* = Mz" ddng tr

C!o_“.
Nguge lgi, néu 7° € domM C Clo.1) vA thda min phuong trinh z° = Mz° thh z° € X vi:
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) T2 tai 2™ (¢) litn tye (B () = f-gcj U2 pE)e - / F()(r)dr).
0

i)

z*(0) =[: (a)ds+]F(: )(s)ia+/ap(g(:") [F(z%)(s) - —/{F(z‘:)(r)dr]dos
0

0 0
1 1
_—_/;"(a)dH/F(z )(a)da+ 8(";21_! 1)) - [ F(Z)(r)dr]ds = T¥(1).
0

0

70 = /amc(o ) () (o) - /Hz r)dr]d

e+t
0
a—:—gg;(—}—’)[ (=) (s) -~[F(I J(r)dr]ds =2 (1),i=T,n =2
0 0

1 1

et VO L I f =™ (a)ds = - [ (P@E)(s) - [ F(z*)(r)dr}ds = 0.

L] )

ntra Vzo € (Clo 1 r‘ldomM) thl z; = M(zy) € X. Do 46 day x8p xlI lién ti€p {::,.]:,. =
e ,)}h , NX. Gidst ||z -2 || i 0 thé th) |||ze = =°|] g 0 (v

1
2 2™ = || F(zk-y) ~ f F(zy—y)(r)dr - / F(z* )r)dr]| — 0)
0
Ap dung céc két qui cda Iy thuydt him trdi Liapunov [3] cho (12) trong mdt 83 trudng hop
5 thé chi ra dwoc s ton tai v3 duy nhit nghiém va sr héi ty cda qué trinh 1¥p dén nghidm

Trong phin tiép theo ta sé xét mét trwdrng hop cu thé cda bii todn (1).

2. TRUONG HOP CU THE

2.1. Xét bai todn (1) trong trudng hgp n = 2 vi vé phdi f(t,z) = f‘: fi(t)2', fi(t) 1A cde
=0
lidn tyc (¥ =0, m) f;(t) = const. Tt la:

m
:E:Z fi(t)z*, 0<t<1

i=0 (18)
2(0) = 2(1), (0) = 3(1)
T (10), (11) va (5) ta cé:



2 y
“La e (s ;):’ R
Gt,s) = 5 N (14)
..,i._ig+ftb.;‘i_ s <t
( 2 '2) 2 2 =
do 46
C s
LA SYR AN BEEE
_‘3_6;9(.‘_’_) pe ( 22 f) (15)
: (-—-"E-—«E)-*st 0<t<1
1
aG(,s) . ¢ ¢ 1
9(')'/ . -3 atn 18
0
Tir (12) ta ¢é (13) 12 twong dwong véi phrong trinh sau:
F B0 ] 3G
¢,
z(t) =[ [1+ (t") - (t)]fo(s)ds + / {1 s A ( 2) s 9(ﬂf|]£(ﬂdn~
0
e
+ / aG(‘ ) o)) i(s)2 (s)de = M=) (17)
=2 4
Trong khéng gian Cjy - DomM = domF = ), 4.
DAL
Gt
75 = TR fnm )y gofilds =
tefo, 1]
' d( o(( )
) ¥ ] t 8
= [ max [ ks / (a(t) + 2 |ds] (18]
0
srongAb a1 = [i W= ks .
1

Céc bicu thirc dwdi ddu tich phin d8u |4 tam thire bac 2 theo s nén ta cé thé khio s&t chiing
va tinh ding dwoc céc tich phan dé:

Dit: A—§+—2-t.ac6
fl
i khi fy < -3 (19)
di = 4 -l:(%mf.&m %A+ 2—2) khi - i—“ <fi< 2: (20)
e khi ~ 20 < f, (21)

Vid; > 1 khi f < —2, nén trong cdc truedmg hop tuwong éng lhong 4p dung drgc phuony
phép ham trdi Liapunov.



Ta cb

(?C(t 5)
:elnu[ 4L, (8) = glt)file)ids <

) (3 NTS—
<Hﬂuggﬁfll~ﬂd+ &sh&:ﬁﬂhfdn 1=0,2,m (22)

Theo [3] thl phuwong trinh v6 hudng

54
- E dnr (23)

trdi cia phwong trinh (17).
Dé phuong trinh (23) 6 nghiém thl dy phi: khong 16n hom dy,nux, trong 46 doma. dwroc xéc
ah tir hé sau:

— s ey
mdiu, ., =
==}

m
L —
Qomazx + 2 d"umu‘ = UYpux

=2

(24)

Hé ndy luén cé nghiém duy nhit v, > 0, domaz > 0.
That v8y, xét phuong trinh diu cda (24):

m
S midi'sl =1 = pu) = Z ide' ' -1=0

=1

[

-

©(0) =d, -1<0,  ploo) =00,

¢'(u) = i ifi ~ 1)diw' 7 >0 " Wue (0, 00)

V=2

in tdn tai duy nhat u,,,x > 0 d€ p(uyae) =0
Tir phwong trinh thi hai cda (24) ta ¢b: dypu: = Unus — i diut .-
Ta chirng minh ring dmae > 0 a
Xét Y(u) = u - i”: du' c6 P(0) = 0, ¢'(u) = —p(u) > 0 Yu € (0, pae) Nén dojus =

e=1

i) 50,

Tir cdc k&t qud trén va [3] ta ¢ dinh I sau:

Dinh 1Y : Gil st céc d; (s = 0, m) dwge xéc dinh theo cdng thire (19) ho¥c (20) ho¥c (21) va
2). khi 46 néu 0 < dy < dg,., thi bii todn (13) ¢6 nghiém duy nhit tronh hinh ciu ||z]] € Yo
~qué trinh 1¥p sau hdi ty d&€n nghiém ndy:



zo(t) =0

I)Hq(t) = / [1 + ‘a"'gé(‘:—"',‘)" - g(t)]fo(S)d-’ . / [l + fl(l + a—G'éi'—‘—}‘ - g(t))]:k(s)da-b—

0 0 (25)

+) i=2" f [1+ ?Ga—(i'—'?) — g(6)] fi(2) =} (s)ds

2.2. Vidy
Tim nghiém cda bi toén:

i=e(1-8z+12%, 0<e<012
z(0) = z(1), z(0) - z(1)

Bai todn ndy ¢6 nghiém dimg z*(t) = 4 — V/15.

do = |foll =¢, di=1-8e<1, da=|faf =¢

Uinaa =4, doise=18>dy;

Viy tronh hinh ciu ||z|| < 4 bdi to4n trén cé nghiém duy nhit v nghiém nidy tim duge nhr
qué trinh IEp (25). Két qui chay m4y tinh 13 sau 13 bwéc Wp véie = 0,1 : |lz,5 - =% < 1077

TAI LIEU THAM KHAO

1. Fam Ki Anh, Vu Huy Tich. An inleration method for general BVP. Uerain, Math. J. 1983, V. 35
No 3, 348-352, (in Russ).

2. J.Mawhin. Equations nonlineares dans les especes de Banach. Rapport No 39, Aout 1971, Seminaires
et Appl. Univ. Catholique de Louvain.

3. E. A.Grebenikov, Yu. A. Ryabov. Constructivea methods in the analysis of nonlinear sydtems. Engl.
trans., Mir Pullishers, 1983, 328 pp.

Bus Due Tien

LIAPUNOVS MAJORIZING METHOD AND
NONLINEAR PERIODIC BOUNDARY VALUE PROBLEMS

This paper is conserned with an application of the Liapunov's majorizing method to the followin;
nonlinear periodic BVP

™) = f(t,2,5,...,2™), 0<t<1
2 0) =zU)(1), j=0n—-1

Khoa Todn Co Tin Hoc - DHTH Ha Nés



