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VE MOT LOC CAC z/p|M(n, 2/r)) MO DUN
GOM CAC DA THUC THUAN NHAT

Ton That Tre
Khoa Todén - PHTH Hué

§1. GIO1 THIEU VA PHAT BIEU KET QUA

Dit M,, = M(n, Z/p) 1d nia nhém céc n X n ma trin hé 88 trén trudmg Z/p gém p phin ti,
p 12 38 nguyén t5. Bai todn xdc dinh cdc Z/p|M,.] mé dun bat khi quy vi phi xa dnh cda ching
1a bai toan lém.

Cho M, tic dong 1én dai s8 da thirc n bién theo cich théng thudng. Trong |2], bing cich
khio s&t Z/p|M;] mé dun gbm cic da thic thulin nhit 2 bién, D. J. Glover di chi ra tip diy dd
cic Z/p|M;| mé dun bit khid quy vi chiéu phd xa dnh cida ching.

Trong bai bdo ndy, st dung cic bat bién Dickson va bit bién Mii ching t6i ciu tao mdt loc
Z/p|M,] mé dun gdm cdc da thic thuiin nhat vi cho vai tinh chit cda ching.

Pe phat bidu két qua ta ding cic ki hiéu sau.

N; 1A t8p hop cic phin ti eda M, véirank <4,1 <t <n-—1.

Pn. = Z/p|zy, 232, ...,%,] 12 dai 88 da thirc n bién zy,..., 2z, hé 53 trén Z/p.

P® = P*(z),...,2,): cdc da thirc thuin nhit bic m. P, = @I P". Moi P dwoc xem
nhu 13 Z/p[M,,] md dun theo cch théng thudng. :

Trong méi P, ta ky hiéu linh héa tit cda N; 13 P™* véi 1 <1 < n—1; diy IA cdc mé dun
con cda P,

D7: mé dun mdt chieu, & diy chot € M, vad € D’, t.d = det(t)’d.

Véin > 2 chiing t6i chimg minh
1.1. Ménh dé&. Cho 0 < m < p— 1, cdc mé dun P ® D* ld bdt khd quy tuyét dés véi k > 0
thy y. ;

Chiing ta nhic lai ring bit bién Dickson L; = Li(xy,..., ;) dwoc dinh nghia bé&i

I I,
=) z
Li=| . >
. .
-1 -1
P P
zl I:.

1.2. Ménh d&. {0} < P" 1< ... < P™l < P™oyg

P = > Lisi(zjpy--o02, )PPV = 7P L 1<i<n—1.
1€ < <1 SN



1.3. Ménh dé. Chom > n(p—1)+1, viétm =k+j{p—1) véi (n—1)(p—1)+1 < k < n(p—-1)+1.
Khi d6 P™[P™" ddng cdu vii PX/PEL.

1.4. Ménh d&é. Cho s6 nguyén m > 0 khi dé P* /P ld khong phan tich dwoc.

T8i xin chin thanh cdm on Gido sw huéng din Huynh Mui 44 tin tinh hwéng din vi gitp
d& t6i hodn thanh bai bio niy. Xin c¢dm on anh Nguyén Sum vé nhirng trao ddi hitu ich.

§2. MO DAU

Chiing ta cin cic két qud sau. Trong [1], ch.8, bii tip 1 43 chitng minh

2.1 Ménh dé. D§t A = KG ¢ ddy G id p nhdm vés p ld 36 nguyén td vd K ld trudng ddc 56
p. Khi 86 bdt ky A mé dun W bdt khd quy déu ¢6 chitu bdng mét vd G tdc dong tam thuwong lén
ching.

Goi.T, 14 p nhém con Sylow cda nhém tuyén tinh GL(n, Z/p) gdm cic ma trin tam gidc trén
véi 1 trén dwdmg chéo chinh. P™ 14 Z/p|Mn| md dun, P™ xem nhw 13 Z/p|T,] mé dun. Néu
z € P™ 14 T, bat bién, thl khong gian véc to mdt chidu sinh béi z 1 Z/p[T,,| mé dun bit khi
quy. Trong [3] Huynh Mii da ching td

2.2. Ménh d&.

Zfpls, 22, 20l = ZJplVi, . Vi),

¢ ddy
Vi = Vi(zy,...,zin) = H (ayz1+ -+ ai1Zi-g + 24).
ay,...ai-1EZfp

Ciing trong [3] Mui da chimg 8 L; =V, ... V,.

§3. CHUNG MINH MENH DE 1.1

8.1, Bd&. Chon>2,1<m<p-1viUld Z/p|T,] mé dun con trong P*. Gid s

ton tgr cdc da thiéc thuin nhdt ¢(z;,...,2n—)) bdc m — ¢, 0 < 1 < m — 1 sao cho da thi
m—1 :

3 glZiieos,Bu1)zt ¥ 2 eV, U = PP,

=0

Chirng minh : Bing quy nap theo » Khi n = 2 b3 d& ding (xem chimg minh cia (3.1) trony
[2]). Gi stk b8 A€ diing véi moi 88 ngu; én nhd hon n, véin > 2 va 1 < m < p~ L. Do gid thiét

m=] :
tdn tai da thic fo(zy,...,2n) = L foulii.o 1Zn-1)zh + 2P € U, véi foi(z1,. .., Tn-1) 1 cd
1=0

da thitc thuin nhit xic dinh bic m — 1. Liy

1. ... 00 0

o= |0 1 0 0|€T,,
0 g 1 1
0 0 0 1

khi dé {0' . 1).!(](31,... ,:E"_) el va



m-2

(e = 1) folz1y.. 1 Za) = (mn_': 1) (me(’f:. voy Tppm 1]:: G g TR i 1)

=1
véi f1.i(z1,...,%n) 1& cic da thicc thudn nhat x4c dinh bic m — 1. Dt

m—2

fl(zl!“'lzﬂ)= Z:fl.:[zlz sy I 1)1 + Tn- lzm 1'

1=0

Lip lai cich |dm trén nhigu lin ta ¢

m-—1

fll(zh---;xn) = Z f“ (Ilg---;zrn—l)xi +$? = U‘I

1=0

fm—.l(xll-'-ixn}=fm-l.il{zll-'- In- 1)+$ lanU
fm(xll'--gxn}=fr:l_]'EU.

Ky hidu U; = {f(21,...,Zn-1) € Pa_,: f(z1,...,24=1)27 ' € U}, 1 €1 < m. Hién nhién
U; 1a Z/p|T,-,] mé dun con trong P; _ Vl x::‘ y € Uy, va tir gid thiét quy nap ta c6 Um = P,
Luvu ¢ ring U, C U nén P, c U. Mgt. khic fp-1(z1,...,20) EU bao him "'z, € U nén
mo € Un-1. Do gid thi€t quy nap ta c6 U,y = PP nén z,P™ ! c U. La.p lai cdch lam
trén v&i fi(zy,...,24), 0 <i < m—2, cudicingtacd 2, P C U, {}< 1<m. Dodé6 U =P
vi b3 d¢ dwge chémg minh.

3.2. Chiymg minh ménh dé 1.1. Vio<m <p-1, tirménhcl‘é21viménhd322P’“|T
¢6 duy nhit mé dun con cwe tidu, dé 1d {z;). Moi mé dun co khéng tim thudng cda P"‘[T dgéu
chira z7* nhung do b3 d& 3.1 khéng ¢6 mé dun thyec sr nio cé thé chiva 2. Liy

00 ... 0 ¢
0 1 0 0 ;
. 1, néu n i 1§,
s=]. : " :+ lEM €= i 2 n 1 chi
8 % ... @ 0 w1, néu n li chin,
1 0 ... 0 0

khi d6 s € SL, gdm cic n x n ma trin véi dinh thirc bing 1 vd s.(2T) = z'™, vi thé khéng cé md
dun con nio cda P"‘|¢ c6 thé chira 27" ma khong chira 2, do 46 F’,’;"Lﬁ,L khéng ¢6 mé dun
con thwe swr khéc khoag

Néu chiing ta mé& roéng trwdng hé s8, ciing c4ch trén dwoc 4p dung, nén F‘,’;"Iw 1a bat khi
quy tuyét d8i. Vi (P @ D*}lm , ¢dc khing dinh khic cda ménh d& 1.1 12 hién nhién.

§4. CHUNG MINH MENH DE 1.2

ViN; C:- - C Np-ynén {0} < P™n-1 < ... < P™ | hién nhién.
bic P = P PENT /AR PO )

ls.flﬂ“'i.fl-n Eﬂ

Choo = (ope € N; vi1 <3, < - < 3,4, €n, Khi d6
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n n
0'»L.‘+1[!j.,. "!IJ'.+|)-= Lis: (Zokhxh'“ ' Zahju;xk)-
k=1

k=]

WVirank o < i nén t3n tgi g € {1,...,5 + 1} sao cho ¢bt the 5, cda ma trfn o 1a td hop céc cBt
khéc. Néi chch khéc t3n tgi fp € Z/p, 1 S € <1+ 1, L # 1, sa0 chooyy, = % Beoiy,,

1€0Si+ 1,840
véil<k<n WV

0..&;4.1[3“1 ' HIJ:J'H-J,} il

n n n
z Ll'-HI ( Zakjl Thyrooy Zﬁfgk;j; Thyooy Z ak;'1+lzk) - 0:
k=1 k=1

1€2<i+ 1,80t k=1

do 46 bao ham P™* < P™* 14 hién nhién. Bao ham ngwoc lai 8& dwoc chirng minh nhw sau

Trwde hét ta ching td P™n=1 > Pmn=l Cho f(z),...,2,) € PP~} véimdik, 1S k< n
vi ay,..., 0k € Z/p, viét

flz1, .o zn) = (@12 + -+ k2K + zk)9(21, ..., 20)

+h(zls'"}Ikhlsik:zk+lm---lxﬂ}'
Liy
(1 B a "'01 I 0\
0 P — Qg1 0
5 0 T

X0 s 0 ol
—ay, ..., —ax & trén cdt the k. Khi 46 ¢ € N,_; va o.f(z1,...,2,) = 0 bao him
h(zy,...,%k,...,2n) = 0. Do &6 f(z;,...,2a) €6 @12y + - + ax_1Zk—1 + Zx nhuw nhin t!
nén cé Vi nhir nhin t&. Vi vidy, f(zi,...,2.) chiva L,(zy,...,2,) nhe nhin tik. Néi cach khic
flzy, ..., z,) € P™"~1, Tir day khing dinh trén 1a hién nhién.

Cho 1 €1 € n— 2, ta chimg minh P™' > P™ bing quy nap theo n. Gil st véi moi sf
nguyén nhd hon n ménh de ding. Cho f(z;,...,2,) € PP, 1 <1< n—2, taviét f(z,,...,z,) =
" z19(%1,.. .1 Zn) +h(Zy,...,2s). Choo € M, _, sao chorank ¢ < 1, 0 xem nhu 14 phin tik o' € M,
bing cdch cho hing thir 1 va cét thir 1 bdng 0. Khidérank o’ =rankeo <1,vao'.f(z;,...,z,) =
bao ham o.h(z3,...,2,) = 0. Do 46 h(z2,...,2,) € r':‘_'"l(zz,. ..,Zn). B&i gil thiét quy nap

—, L

P:.n_ll {IQ,...,in} = Pr.—1(12:---.rn] < P:l-,—

= mL

nén f(zy,...,2n) = T19(71,...,2n) mod P, . Gid st

I(zli""lxl'i): H (L'!.';IL"I-" +m¢._1xk_[+;rk}x
lemg...., ug_j]EUS.[Z}'p]*-—j

V] ‘--Vk—ls{zll" .,In} mod P'l:h.n‘
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véi k— 1 < i+ 1 va tip hop con U xic dinh trong (Z/p)*~'. Cho (B),...,Pk_1) & U, viét

Bl T} = (Bizs + -+ BeaZacy ) (20,0 20} rlEp e By v B0 ) VR
f{:r;,...,:t:,,}r—[ H {a1I1+---+ak_lzk_]+Ik}s'(:|:1,...,:cn}+
(org..... ay_ JETU{(A;.....Bk- 1))
H (alau + ot e Tk +x;¢)r{$1,...,£k,,.,,rn)] x V... V-1 mod P:"i.

{ag... . oax_y JEU
Liy

Pl s SPE Ceen DY

i Y

i o ... —5;,_[
o=ty 4 . o €CLnZ/)
\o ... o ... 1)

~B1,...y —Pr—1 & trén cdt thi k

Un-f[xl.---.in} = [11: H (arzy +"'+ak~12k—1+£k]8"{x1,..‘,x"}+
: (ag,... o JE' = {{0,....0})}

H (eyzy + -+ ok 1Zh—1 + xk}r(x;,...,ik,...,x..)]x
[ﬂl,.._.:r*“116”’-“!}._..."]}

i
Vi...Vk_; mod Pn "

vé&i tip con U' xdc dinh trong (Z/p)*~!'. Che ¢ € M, _, sao cho rank ¢ <€ 1, o duwoc xem

hhw 14 phin td o' € M,, bing cdch cho hing thir k v ¢t thir k£ bing 0. Rank ¢’ = rank ¢ <1

va od.oof(z1,...,2a) = 0 bao him o (V... Vi_ir(zy,..., 2k,...,2,)) = O. Do dé
B Ve Pl ey Bpenngin) . B PR (R Bhpeey Ba)s Do gid thiét quy nap
:P:ﬂilfxl,...,ik,...,z"] = ﬁ:l_",_(n:h...,f:k,...,;c,,_} < F:‘" nén

flzy, . .0z} = H @1z + - + e—1Zh—1 + Ti)X

{aa....ok_ JEVU{{BL.....8c-y ]}

Vl & .Vk-]SI[Ih..‘,In) mod F:I.i.

ing quy nap ta suy ra f(z,,...,z,) = V;.. . Vis1 f'(21,...,2,) mod ﬁhm‘i, véi f'(z1,...,2.) 14

Ja thirc xdc dinh trong P*~"'~ ~#~1_ N6 cich khéc f(z),...,2,) € P, vi ménh d& 1.2 dwoc
héng minh.

55. CHUNG MINH MENH DE 1.3

F Bode. Chom> (n-1){p— 1)+ 1, mé dun P™' ¢6 d6v chicu bdngp" 1 4+ ---+p+1 trong
i
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Chirng minh: D4t U 12 khéng gian con clda P;*, U dwoc sinh béri

(a8, 1kt SP= L Gt b =m 1SH < <ixSnf.

U cé chiéu bing ¢, & diy

= :) (:)(P*1}+“‘+ (:)(p— e,

e +
E=p"l4. - +p+ 1L

Cho f(z1,...,2a) € P™, viét

m=1

n
f(xl’””z"} T Z Zzizjg"f{zﬂl"‘szﬂ) + s{z:-;,...,:c,.) + azi",

i=1 j=2
véi gii(22,...,2%n), 8(22,...,2n) 13 cdc da théc xdc dinh vd a € Z/p. Véi mdi hang
zflx.igi:'(xh s !x.ﬂ)l vigt

xt:.txjhgl'_f(zzr“ -Izn) - (ITIJ - xlx?)hij{xl:"':zﬂ) + Fij (Ili s rxﬂ]'

vé&i hij(z1,...,2Zn), 7ij(21, ..., Zn) 1 cc da thirc x4c dinh va bic cda ry;(z1,...,2n) theo x
p—1. Do d6 -

n
f-{zlr bl xﬂ) > Z{I’;z&" i zl:?)fl-:'{xll s :'mﬂ] + rl(zlr vs iy Za) QLT
J=2

véi fy (z1, ... Z0), rl_(z; v+« vy Zp) 13 cdc da thire x4c dinh va biccdary(z,,...,z,) theoz, <p
Lip lai cich trén nhigu lin cudi ciing ta cé:

21,80} = Z [zfz,— - :r.-z’;)f;_,—(zl,.. o Zn) +r(ze, .. 20),
1€i<i<n

& ddy r(z;,...,z,) 1a da thirc x4c dinh gdm céc don thirc trong U. Do d6 f(zy,...,z.) € P
B8 d& sé dwoc chirng minh néu c6 U N P! = {0}. D& c6 ditu ndy, cho f(z),...,z,) €EUNP,
viét

. 2 . _ 1 Je—1 _A—=Fi— = Jk=1
f(zli"'izl‘l) b QI\I,.J'&JI..J}_.Iz‘" B z *

HRa VP Bt 14
1) €Ki «
LS TR S

véi moi (¢1,...,%) sao cho 1 <14; < - < iy < m vi ma trin tdy ¥ o,

G won B G B we B
o=y : : 3 K
0 ... Bi ... B ... 0
BiyoosBr-1 € Z/p— {0}, B = 1 va B; & trén ¢t thi ij, virank o = 1 nén of(zy,...,1.)
Diu ndy baoc him ) Oy bndagaes Bl Bl =0, v81 8y, Pr-1 € Z/p -

150 Jk-1Sp—1

vi



k-1
det(Af ... A1) = [Taer(87) = ] (£-h)#0modp,
i=1 1<h<t<p-1
n hé phwong trinh trén c6 1¥i gidi tim thudmg duy nht ay, 5.5, =0VEI 1< Jpy .y k1 S
— 1. Di2u ndy bao him f(z,,...,2,) =0. Do 46 Un P™?! = {0} vi b& d& dwge chimg minh.

. Chiimg minh ménh dé 1.3

Co s& tiéu chuin cho P* Ii {::‘i' e Lt I =k feeadn 2 0}. Dinh nghia
3 P,’f — P™ trén céc véc to co s ndy béi ¥(z)' ... i) =z ... r;‘x;“_k, & day £ 1A 88 nguyén
A nhit trong {1,...,n} sao cho jr # 0 vi mé& rong téi P — n* bdi tinh tuyén tinh. Vé&i moi
 E5 — I.‘,I?]f(ﬁ], s :In) € P:'t thi ‘b({z?zj - zl'r?}f(zlr ] '13!;]) T (I:;IJ' i xi:?)g(xll buy 3n]
ri'g(x,,...,z,,] 1A da théc xéc dinh. Do d6 W(P*') < P™!. Ménh d% sé dwoc chimg minh
ng: cich chimg t8 W(o.u) — o.¥(u) € P™! véiu € PX, 0 € Z/p|M,]. Ditu n&y sé chimg té
tl.g ¥ hop véi 4nh xa chinh tic n tir P™ lén PP /P! 1a mét Z/p|M,| ddng ciu, nhw ching ta
ﬁ ¥ & trén P¥~! & trong hat nhin cda. nW¥, d4nh xa ndy cdm sinh mét dong cfu tir PE/ P8 vao

"/Pm1, Ding cu ndy I1d lén P*/P7™! vl nhw ching ta thiy trong b8 4 5.1 P /P! cé co

{(f"f:-*-“:fr:)‘l'Pr?'l3153'1,---|fk-1 <p-L a+ +mpm=m, 151 < "‘{iaﬁﬂ}

to sé& ndy 13 dnh bdi n¥ cda

{(-"3:3:::) 1€ 1 Sp=L i+ +am=k 1< < "'<i*5“}'

'd6 b3 d& 5.1 chiérng td ring ta c6 mét ding cdu.

Bing tinh todn trwc ti€p ta dé dang thu dwoc ¥{o.u) —o. ‘I'(u) € pm! Dmu ndy hodn thinh
ig minh cda.ménh dé 1.3.

§6. CHUNG MINH MENH DE 1.4

D3t X™ 1 khong gian dugc sinh béi

{{a1z1+---+ag._1::¢_.1+z,-]'“:a,—Epr, 1<j5j<e=1, 1¢_:£sn},
-fX,':' c6chidu tdidaldp"~ 1+ - - +p+1.
Lwu ¢ ring do ménh 4% 1.1, X™ = P khi0< m < p- 1. D§t X, = X7 nPML.

¥R Chom>p, victm=r(p-1)+k véi L <k <p—1. Khidé X7/X ddng cdu véi

.ng minh: Cing phuong phip nhw chitng minh (4.5) trong (2], & dy ta chi phéc hoa nhitng
pi cwong cda phép chimg minh. Dt X 13 Z/p khong gian véc to cb chitu PP~ 4+ - +p+1
red {za,, . .a_,i:155<i~1,1<1<n, o € Z/p}.

?]m £ =k, m, ta dinh nghia cdc Z/p 4nh xa tuyén tinh p, cda X lén X¢ béi
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pe(Zay....ar1i) = (o121 + -+ 17y + )"

Nhw trong chirng minh cda (4.5) trong [2], ta dinh nghia mét M, tic déng lén X sao cho p, ld
Z/p|M,] dong ciu.

Cht § r3ng pm (kerpx) < X, . Biy gi® dinh nghia mét ddng cdu tir P¥ vio X7 /X, bing cich
vé&i m8i u € P* chon mét Anh ngwoc z trong X béi pp va khi d6 4nh xa bién u thanh puz + X, .
WA ppm(kerpx) < X, nén 4nh xa ndy dwoc dinh nghia ding din, né 12 mdt 2/p[M,] ding cu va
b8 d¢ dwoc chémg minh.

6.2 Chimng minh ménh d& 1.4 : T b3 d8 6.1 (X™ 4+ P™!)/P™! = X™ /X" 13 bit khi quy.
Ciing phwong phép nhw chimg minh cda (4.6) trong [2], ta chiémg td ring P /P™ ! c6 duy nhit
mé dun con cwc tidu cu thé 1A (X™ 4+ P™1)/Pm™1 Ti diy suy ra P7*/P™! 1i khéng phin tich
dwoc vi ménh 42 1.4 dwoc chimg minh.
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ON A FILTRATION OF Z/p|M(n, Z/p)] MODULES
OF ALL HOMOGENEOUS POLYNOMIALS

Ton That Tre

Let p be prime number, M,, = M(n, Z/p) the semigroup of all n x n matrices over field Z/p
p elements. M,, acts on the commutative polynomial algebra in n indeterminants in the usual wa
By using Dickson’s invariants and Mui’s invariants we construct a filtration of Z/p[M,,] modul
of all homogeneous polynomials and give some properties of them.



