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TIEU CHUAN VOLTERRA DOI V(I NGHICH DAO PHAI
'UA MOT LOP TOAN TU TRONG KHONG GIAN ROT RAC

Nguyén Vi Luong, Nguyén Vin Mau
Khoa Todn, Co, Tin hoc - DHTH Hd N¢1

Trong bii nay, dwa ra tidu chuin dé nghich ddo phdi cda cdc todn ti dang
Doz = layzns1) vi Dpx={z,i) — pz,}

ndt todn tik Volterra, Tir @6 md t4 twéng minh Iép nghich ddo phdi Volterra trong khéng gian
rac.

X

1. Ky hiéu X = () 1d khong gian cdc diy s8 2 = (zn)_, teén tredmg 7 (F = C hodc 7 = R)
cdc phép cong va nhin véi dai lwong vo hwédng theo dinh nghia théng thudmg. Goi L(X) 1A t3p
» tit cd cdc todn ti tuyén tinh tic déng trong X va Lo(X) = {4 € L(X), do mA = X}. Tip
cd cdc todn tir kha nghich phdi thuée L(X) dwee ky hiéu la R(X). Néu tdn tai Ry € Lo(X)
cho DR = I thita viét D € Ro(X). Tép tit cid cdc nghich ddo phdi cda D € R(X) ky hiéu

Rp.

Ung vé&i mdi R € Rp cla D € R(X), ky hiéu 7p 1i tap hop tdt ci che todn t ban diu cda
/A Fp € Fp 1a todn tf ban d3u twong d¥mg véi R € Rp.

Néu B € Ly(X) sao cho 3(f/ + AB)" ! VYA € F thi B dwoc goi la todn btk Volterra. Tip tit ci
todn ti Volterra trong Ly {X) dwee ky higu bdi V (X).

Gid st @ = (g, oy, az,...} 12 diy 36 trong cho trude, a; # 0 V5 =0,1,2,...

Xét toan td D, + X — X xic dinh theo ¢dng thirc:

D,x=y; w = apdnt1; n=0,1,2,... (1)

Khido D, & Ly(X) va ker D = line véi e = (1,0,0,...).
Xét todn td Ky : X — X xdc dinh béi:

BB 20 2 (2

gy [+ 5]

Dé dang kidm ching R, £ Ly(X) va D, Ry=1I, trong d6 [ 14 todn ti don vi,
Vi dim ker D, =1 nén D, € Ry(X) vd D, khong khi nghich

de 1: R, 1i todn td Volterra.

Chiéng minh: Thit viy, véi Ry dang (3) thi phrong trinkh:
{Jr'— ARn]I:y, ye X

n luén 6 nghiém duy nhit xdc dinh theo hé thirc truy hoi

Iy = Yo
Tr

T = A— 1+~yﬂ,; n=12...
Bn—1



Viy Ro € V(X).
B4 dé 2 1) (xem [2] - [3]). Moi nghich ddo phdi cda D, d8u biéu dién dwoc dwéi dang

Ro=Ry+ FyA, Ae€ Ly(X) f

trong dé Fy = I — RoD, € 7p.
Bd dé 8. Véi mbic € 7, ky hiéu

X.= {(c,zl,zg,...); wed; g= 1,2,...}

Khi d6 VA € Lo(X) sao choIm A € X, thi R4 = Ry + FpA 14 todn tid Voltera.

Chiéng minh: Thit viy, khiImA c X, thivz € X, 3y = (c,y1,¥2,.. ) € X, sao
Az = y. Khi dé

FoAz = (1 - RoD,)y =
= (C;yh!fz,---] Lo Rn(ﬂnyhazyz,ﬂzyap--}
= (clylij:---) g (Olyliygl""} o (C,{},O,---]-

Suy ra

= o Fa 5 BL
R,.;z—RnX+{c,0,0,...)— (C,aﬂ ’0:1 ,...).

Phuong trinh -
(I-ARp)z=v, vEX

luén ludn c¢é nghiém duy nhit xdc dinh theo céng thirc

o =g+ ¢
In-1

Ipn = Up + A i s A A

ﬂ-—
V@Y R4 € V(X]

B3 de 4. Gid sk 7 = C va A € Ly(X) sao cho 3v, v € X 48 A(u — v) ¢ Im Ry thi R, x4c di
theo cdng thirc (3) khéng 1d todn td Volterra.

Chtétng minh: Theo gih thi€t, Ime N, c, 5o, F1,...,Pm € C sao cho ¥z € X:

m
Az = (yo,y1,82,- )i w=c+ D Biz5; Pm #0.

§=0

Khi 86 FoAz = (c+ - £,2;,0,0,...) va

1=0

Qg Qg

R4£='= ('RQFF{)A)Q‘:‘: (C+§:ﬂj$3', ﬂ ,I—I ])
=0

Xét phuong trinh
(F+ARy)z=v, veX.

m
Zo -
— (:l:o+c+ E Bizs, — +=1,-—+zg,...) = (vp, vy, v3,...|
§=0 %0 1



So sinh m toa dé diu tién, ta dwroc hé tuyén tinh:

Ma tran cia hé (4) 6 dang:

higu P()) := det B. Khi dé

P(A}ﬁ {“llmﬁm AfrH-.l e

m
xq‘l“)iz,g‘fﬂ:‘?‘:ﬂq—c

=0
A
—Ip + T = v
an
A
Tm—-1+ ZTm = tm
QX — 1

1-+-lﬂn»\ LA BaA

— 1 ) ]

ap )

0 —A 1
Qg

0 0 ]

(2 J) IR # U}

(4)
B A
0
0
1)
| (5)

Do viy, trong C, P(A) ¢6 it nhdt mét nghiém. Néu P{Ao) = 0 thl hé (4) khéng c6 nghiém
¢ ¢6 nghiém khéng duy nhit. Ung véi A = Ao phwong trinh (/ + AR4)z = v khéng ¢6 nghiém
¢ ¢6 nghiém khéng duy nhat. Vay

Ra ¢ V(X)

Ta cé thé phat trién cdc két qui cda B8 d& 3 vi 4 dudi dang sau:

b 1§ 1. a) Véi F = C vd A€ Ly(X) thi R4 dang (3) 12 todn tir Volterra khi vA chi khi 3c € C

cholmAC X. v&n

b)
t P

Xc:f{z:EX : :r:uzc}

Véi F = R thi Ry dang (3) 1A todn tik Volterra khi va chi khi hodc Im A C X, hodc da
(A} 3= det B (B 1A ma trin cda hé (4)) khong ¢é nghiém thue.

2. Biy gidr, ta chuyén sang xét lép todn t sai phin cétrong pe 7, p # O

Dpz = (T4 — PZn).

Xét todn tik R, : X — X xdc dinh theo cong thirc

Ryz := (0,2, 2y + pZo, 22 + p’zo + p1y, .. = (6)

Dé dang kiém tra truc tiép cac hé thirc sau:

DR, =1I

Ker D, = line;

Viy D, € Ry(X) vd R, € Rp,.

e=(1,p,p%,p°,.

-) (7)



Goi F, € D, 12 toén tir ban diu #ng véi R,. Khi d6
F,,n: = [I{}, Pxn,P?I(), P )

B3 dé 6. Toin tt R, dang (6) 1a todn ti Volterra.
Chéng minh. Thit viy, phwong trinh

(I-AR,)z=y, yeX
luén ludn cé nghiém duy nhit xdc dinh theo céng thirc truy hsi

g = Yo :
Tp = Yp + A ZTa_1 + pTpu-2+ ~--+p""l:c(;} e [

Viy R, € V(X).
Véi mdi ¢ € 7, ki hign
Xc:{IEX:zﬁ(c,rl,xg,...}}
B3 de 8. Véimdi A € Lo(X) sao cho ImA C X, véic € 7 cho trwéc, thi todn tk Ra= R, + F
14 todn ti Volterra.
Chéng minh: Véice F chotrude vi VAz ta cé:
Fpr=Fp(c,y1,yg,...}:[c,lcp,cpg,...]
Rax = Ryz+ F Az =
= (0, %o, &1 + pZo, Tz + pz1 + P20, ...) + (¢, cp,c0?,...) =
= (¢, zo + ep, 21 + p2o + cp>, ...)

Xét phwrong trinh:
(I-ARa)z=v, vEX
+—~-{zn,z1,::g,...)—A{c,:g+cp,:r1+pz0+cp2,...]=(un,vl,03,...)
{50 =AC+U{)
———
Zn = AZp-1 +PTa-2+ - +p" 2o +p"¢)+va n=123,..
Viy R4 € V(X).

B3 de 7. Xét 7 = C. Véi A€ Lo(X) sao cho Ju,v € X dé A(u—v) ¢ Xo thl Ry :=Rp + Fpu
V(X).

Chéng minh: Tirgid thiét, suy ra Vz € X, 3¢, fp, F1, - € C sao cho

Az=(c+ S Bmvtn... )i An#0

F=0

FPA==(901P!‘D:P290:-“]1 Yo =C+Zﬂ3’tj
y=0

Xét phwong trinh (I + AR )z =v, vE€X. Vi Ry = R, + F,A nén

Raz = (y0, %0 + pZo, 21 + P20 + P’¥on .. .)



Yiyp = ¢ + f: B;z;. Viy
= (I +ARs)z=v, veX
= (2o + Ayo, Z1 + MTo + pwo), ... ) = (vo, vy, ... ).
So sanh m + 1 toa d6 diu tién, ta dwoc hé tuyén tinh:

zo+ A Y Bz = vy - Ac

1=0

Ty 4+ A (IU -+ pZﬁJ.IJ.) = vy — Apc {9)

=0

............

m
L + )‘(-Tfm—l + pTm-2+ - +th130 +p" Z ﬁj'x.l) = Um — AP C

=0

Ma tran cda hé (9) cé dang

1+ z\ﬁn Aﬁi ‘e )\ﬂm
)\(l‘i”Pﬁt}} 14".}:?»81 }‘pﬂm
- : : ky : (10)
Ap™ 1+ pfo) Ap™E(1+pf1) ... 14+ Ap™Bm

Ky hidu Q(A) = det M thi deg Q(A) = m + 1 v&i hé 3 cao nhit bing p™m+1)/2g, = 0.

Do 46 3X, € C dé Q(X,) = 0, tikc I3 R4 & V (X).

Ta c6 thé phit biéu két quid cia bd dé 6 va 7 dwéi dang sau diy.
inh If 2. a) V6i 7 = C va A € Ly(X) thi R4 13 toan ti Volterra khi va chi khi 3¢ € 7 sao cho
1A C X,, trong 46 X, xdc dinh theo (8).

b) Vé4i F = R va A € Lo(X) thi R4 € V(X) khi va chi khi hodc 3c € R dé ImA c X, hodc
L thite Q(A) = det M, trong d6 M xéc dinh theo (10), khdng cé nghiém.
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CONDITIONS FOR HIGHT INVERSES OF A CLASS OF RIGHT
INVERTIBLE OPERATORS IN DISCRETE SPACES TO BE VOLTERRA

Nguyen Vu Luong, Nguyen Van Mau

Faculty of Mathematics, Mechanics and Informatics Hanos University
The paper deal with operators of the forms
Doz = (antnt+1) and Dpz = (Tpyr — p2a)-

Operators D, and D, are considered in space X of all infinite sequences over a field F of scalars.

We find a general form of all right inverses and give a necessary and sufficient condition for a right
verse of Dy and D, to be Volterra in the cases F = R and 7 = C.



