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§1. GIGOI THIEU VA PHAT BIEU KET QUA

D3t GL, = GL(n, F;) 12 nhém c4c n X n ma trin kha nghich hé 88 trén trudmg F; gém 2
phin ti. Muc dich cda bai bdo niy 13 dinh tip diy dd cdc bifu diem bit khd quy cda dai 88 nhém
F3|GLj| va c4c F3|GLs] mé dun khéng phin tich dwegc chinh.

D3t Fa|zy, 24,...,2,] 12 dai 38 da thire cda n bién 1,,...,z, hé 88 trén F;. GL, téc ddng
lén Fy|zy, 23, ..., 2, theo cich théng thudng. DE phét bidu két qua ching ta nhic lai Dickson d
dinh nghia c4c bit bién cda G L, nhw sau:

Cho ey, ...,¢e, 13 cdc 8386 nguyén khdng im, d¥t

251 o
Iy I,
ler,oven]=| 1
£ n
£ ... T4

khi d6 w.[ey,...,en] =[e1,...,6n] v&6i moiw € GL,. P&t L, = [0,L,...,n - 1].
Cho B = (B4, 82), 0 < By, B2 < 1, chiing ti ky hiéu

L = [ L% € Fy|z,, 23, 73]
1.1. Theorem. Ddt Hy Id Fa|GL3| mé dun con-cda Fy|zy, 23, 23] sinh bds LP. Khi 24

{Ha : B=(b1,P2), 0< B, p2 <1}

ld tdp ddy dd gom cdc Fa[GLs| mé dun bdt khd quy tuyét ddi.

Cho A 13 dai 88 nhém vi U 12 A mé dun b3t khi quy. Nhu d3 biét tn tai duy nh&t mét 4
md dun xa Anh khéng phén tich dwgc P(U) sai kém mét A ding cfu chva U nhw mé dun con bit
khi quy duy nhit. P(U) cdn dwoc goi 12 mé dun khéng phan tich dwece chinh.
1.2. Theorem.

i) P(H(y.1)) = Hi

i) P(H(y,0)) ® H11) = Hiyy ® Ho)

iii) P(H0,1)) @ Hi1,1) = H1,1) @ Ho,) _

iv) P(Hio,0)) ® P(H(1,0) @ P(H(o1)) @ Hi1.1)® Hi1.1) ® Hiy ) & Hia 1) @ Hiyy.

T6i xin chin thinh ¢cdm on Gido sw huémg din Hu?nh Mii di tin tinh hwéng din va gidp
do t61 hodn thinh bai bdo nay.
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§2. CAU TAO TAP DAY DU CAC F,(GLs) MO DUN BAT KHA QUY

Dit -'Ta 12 nhém con cda GL3 gdm céc ma trin tam gidc trén, T3 13 2 nhém con Sylow cf
GLs. Trong [4] GS. Mii 43 chimg td.

F;;[a:l,z;,z3]T’ = Fz{VI.Vz.Vsl fl

bd&? Vi=a,,..aiemlonz + . ooi13i-y + 34)

D¥t L;; = Lz(zi,z;). Cho 0 < B,,8; < 1, ky hiéu Ujp, 4,) 1a Fz khéng gian véc to véi t§
sinh {Lﬂ? zP' 1 1<14,5,k < 3}). Hién nhién U, g,) 13 F3[GLs] mb dun.

21. Chéng minhdinhly 1.1: Chd y rdng Hp 1d F3|GL3] mé dun con cla Uyp, 4;
Cho N 1A F5{GL3] mé dun con khic khong cda Hz. Xem N nhv 13 F3[T3] mé dun bing ci
han ché tip cdc tdc ddng trén N tir F3[GLj] vé F3|Ts], khi 46 N chéra mét F[T5| md dun o
tim thuwdéng mét chidu (xem [1], ch.8, bii tip 1) dwoc sinh bdi mdt T3 bat bidn f(z1,22,23) #
trong Ujg, 5,). T (*) va tir L; = V,;V; d€ ding chimg td ring bt ky phin ti T3 bit bién tror
Uis, ;) d8u blng oL3*L* = aL® véia € Fy. Do 46 f(1,29,25) = L LS = LP.L° € N vi.
13 F3[GL;) mé dun do d6 N = Hp. Tir diy ta suy ra ring Hy 13 bat khd quy.

Néu chiing ta m& rong trwdng hé s, cing phwong phép trén dwoc 4p dung. Vithé Hy 1A b
khi quy tuyét da8i. |

D& chiémg t4 cic mé dun Hj I3 khéong ding cdu véi nhau, ching ta chi ¥ ring Hg o) 12 bii
dign tim thudmg mot chigu, H(; o) 12 F; khéng gian vécto véi co s& {z, 22,23}, Hiy0) 121
khéng gian vecto véi co s& {Liz, L1, Laa} va dim H(;3) > 3. Do dé chi chn chimng td Hyg,
khéng ding cHu véi H{; ) nhw F3[GLs] mé dun. Gidsk f : -Hoy) = H(, 0y nhr F5[GLa| 0
dun. Trong chimg minh trén ching ta thiy rdng H, ) v3 H,, o) lin hrot chira duy nhit cic ph1
ti T3 bt bién khéc khong 13 L va Ly. Vi f 12 F2|G L] ddng cfu nén f ciing 13 F5[Ts] ding cd

010
Do d6 f(L3) = Li. Liy o = (1 0 0) € GLy, khi 46 f(0.Ls) # 0.f(L2) miu thuln v6i
0 0 1
thiét f 13 F3{GL,) d8ng cdu. Didu niy hoin thanh chimg minh cic Hy 13 khéng ding cdu v
nhau.

Chi cdn ching td cdc mé.dun Hp 1a tip diy dd c4c mé dun bit khd quy cho dai 8 nhi
F;|GL,). 1e11 ndy sé dwoc chirng minh sau khi chirng minh dinh 1y 1.2.

§3. CAC MO DUN KHONG PHAN TICH DUQC CHINH

Trong tiét nay dinh ly 1.2 vi khing dinh c4&c m6 dun Hg trong Dinh Iy 1.1 13 tip diy dd «
md dun bit khd quy cho dai 88 nhém F,[GL,| sé dwoc chitng minh.

D4t P, 1a tdp tat cd cic da thirc thuin nhdt bic m trong F3|z|, 23, 235]. Pm 13 F3[G L3
dun. Cho m, n, £14 cic 88 nguyén khong imvaU<P,, V<P lainluot 1 hal F3[GLy| mé d
con cda P,,, Pk Chiing t8i k¢ hiu U2V 13 F; khong gian véc to véi tip sinh {u viuelUvel
Hién nhién U2V 1 F3[GLs) mé dun.

8.1. B3 dé. Véi gid thiét U, V & trén va £ 13 s8 nguyén sao cho 2¢ > k. Khidé U@ V = U?
nhe F3[GL;] mé dun.

Chli'ng minh: Cosdcho U vaV lin luot 13 {u,,.. ,u,} va {v1,...,v}, khi dé
{u 'u_, 1< < 8, 1<j<r}lacosdcla U?'V. Dinh nghia ¢ : U2'V — U @V trén cdc vée
co s& bdi (u? v,) u; ® v; vi m& réng t&i U2'V bdi tinh tuyén tinh. Hidn nhién ¢ I3 R|G
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ng ciu va [A todn 4nh. Khi d6 mot tinh todn vé chigu chéng té ¢ 13 mft ddng cfu. |

3.2.Ch &#ng minh khing dinh i) cda dinh 1§ 1.2: khing dinh i) cda Dinh ly 1.2 sé dwoc
trng minh méu ta chirng t& H; 1) 1a F3[GLs] xa dnh. Dt T3 12 nhém con cda G L3 gdm c4c ma
in tam gidc duéi, T4 13 2 nhém con Sylow cda GL3. Do d6 dé chimg td H(y ) 12 F3[GLs] xa
h ta chi cim chirng té H(, ;) 1A F2[T3] xa 4nh (xem [3], 2.10).

inh nghia. F,|T}] ddng ciu ¢ : Fp[Ty — Hyy.y < Upyy) béi ¢(l3) = LM, Cho o € Ty,

Y(o) = o.(L2L,)
= Z detiadetjkaz{ ij

1€i€3,1<5<k<3

diy det;o 1a dinh thirc cda ma trin dwoc tao bdi céc phin tik ¢6t 1 va hing ¢ cda ma trin trén
det ko 14 dinh thivc cia ma trin dwgc tao bdi cac phin t& & cdt 1, ¢t 2 va hang 7, hing k cda
atrin o, Vi

z1L93 = zpL3 — stlz

¢(U) = Z det;odet g0z, L7 + Z det;odet 30z L1s + Z det;a’detgaaz; L23+
i€{1,2) ie(1,3) i€{2,3)
+ (detgodetyso + detyodetz30)z2 L3 + (detzodet;zo ~ detyodetaso)zsLys.

| {$1L12,IQL12,IlLla.Ingg,Ingg, 33L23,$2L13,13£}g} 1a co SC"'II' cda. U{l.l} nén ',b(ff] hohn
an dwoc xdc dinh béi véc to

A, = (det;odet o0, detyodet 20, detyodet) 30, detyodet) 3o, detgodet 230,

detzadetoao, detaodet ao + det;odetqzo, detgodet g0 — detlﬂ'detzgq}.

hi 6 ma trdn A dwoc tao bdi cdc hdng 13 A, v&i o € T3 1 ma trin vudng bic 8 va detd = 1.
i diy ta suy ra ring tip {¢Y(o) : o € T3} 12 ddc 18p tuyén tinh trong H(y ). Léc ndy mét tinh
4n vE& chiéw hdm ¥ ¢ : Fy(T3] = H(y ) = Uy,y). Tir diy khidng dinh i) cda dinh Iy 1.2 dwoe

ung minh.

3.3. Ch ¢ ng min h khing dinh ii) cda Dinh ly 1.2: Nhw trong chiémg minh cia B4 d8 3.1
dinh nghia &4nh xa tuyén tinh n : H?l.OIH“-ll — Py bdi np(utv) = uv. Hién nhién n 1A F3|GLy]
ng cdu. Vi H?l.(‘}jH{U-ll 13 F3(GLs] mé dun con cda imn = H(; o H(1.1) do d‘SH(‘Lu]H[l.l} cb
\dn td hop thanh ding ciu véi H(21.3}Hl0.11' Mt khic H{QUJ}HW.H = Hyo)Hoa) = Huay
. H{;.1) 12 xa 4nh (theo i) cda Dinh ly 1.2) nén Hfl.ﬂlHil-l} chitra mét hang ti truc ti€p xa
h U ding c&u véi H(;,). Nhr di d& cip trong §1, Ls 1A bit bién cda nhém GL;. Do 46
vHi1.0y = H{1.0) vd 1a F3|GL3] mé dun con cda Hfm-,ffu.x]-LaH[;_o; vad U 1a céc md dun bét
4 quy khdnmg ding cfu nén LyH(;0)N U = {0}. D3i véi mt dai 88 nhém mét md dun 13 xa
h néu v chl néu né ndi xa (xem [1), 58.14) vi thé U 13 ndi xa. Do d6 L3 H{;,0) dwge chira trong
/GLs] phin ba W cda U trong Hf, o H(1,1). Mit khic H[‘LmH(l.l} & H(y,0)® H(1,1) (theo b3
-3.1) 13 xa 4nh vi H{; ) xa d4nh. Do dé HF].D]H[LIJ 12 ndi xa vd ham ¥ rdng W ciing ndi xa.
| thé bao ndi xa cda H(, o) ddng cfu véi md dun con cha W (xem [1], 57.18). Vidim H(;0) =3,
m H(; ;) = dimU = 8 do d6 dimW = 16. M3t khéc bao ndi xa cla Hy, o) chinh 13 mé dan khong
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phin tich dwgc chinh P(H(;0)) vA dim P(H{; 0)) 13 bdi 83 cla 83 phin ti cda 2 nhém con Syld
Ty cda GLg (xem(1], 66.17). Do d6 dim P(H(, ¢)) bing 8 hay 16. Gid sé dim P(H{; ()} = 8. Ch
¥ ring H( o) = H?x.n) < P3, P; 1A mé& rong ct yéu cda HY| ;) nén ton tai mé dun con V o
P(Hq,1)) dng ciu véi P; chira H(;0) vd dimV = dimP, = 6 (xem_i_l_], 57.12). Mit khéc tf'
([1}, 54.11) tBn tai m8 dun con cyc dai V' cda P(H(,)) sao cho H(10) <V < V' < P(H(1 )
vd P(H(1,0)/V' 2 H(10). Ditu ndy khéng thé xdy ra vl dimV = 6, dim H(;0) = 3. Do &
dim P(H(1 o)) = 16. N6i cich khic P(H(; ) = W vA khing dinh ii) cda Dinh 1y 1.2 dwge chém|
minh.

3.4. Khing dinh iii) dwgc chérng minh twong ty véi chirng minh khing dinh ii).
Trwéc khi chimg minh khing dinh iv), ta cin b3 d& sau:

8.5. B3 d&. Ky hi¢u 15z, 1A biéu difn tim thwdmg mét chidu. Khi dé

H(10)® Hio1) = 1gL, ® H(11)-

Ché#ng minh: Nhr trong chimg minh cda B3 48 3.1 ta dinh nghia 4nh xa tuyé
tinh n: H;LOH(Q'” =t HEI‘G}H{G'E_] = HUJJ béi n{u‘v} = uwv. Hlé‘n nhién n la Fz[GLgI dbq
cfu vi 13 todn 4nh. Kern 1A khéng gian véc to mdt chiéu sinh bdi L. L3 13 [GL;y] bt bién d
dé K.ér_n = ]-G‘L;- Mit- khic thl.i}}Hmnl} 1a Fg{GLa] mé dun con cda 1mn: H{l.D}H{L,I.] dod
Hf o H(1,1) <6 nhin t& hop thinh ddng ciu véi H[zlmﬂ{{,_”. Mit khdc H(; ;) la xa anh nq

(1.0)
H?LQJH{Q.” = 1er, @ Hi1,1)- A H(‘l.ﬂjH{G'll = H(1,0)® H(p ;) nén ba de dwoc ckirng minh. }

3.6. Chéng min h khing dinh iv): Nhr trong chiémg minh cda b8 d& 3.1 ta dinh nghi
4nh xa tuyén tinh n : HY, | H(1,1) — Ps bdi n(u'v) = uv. Hién nhién n 13 F3|GL,] dong cdu. \
H gy = H?l.l) 13 mé dun con cda imn = H(; 1)H(y,1) va Hy 1) 12 xa dnh nén trong H{‘Lnb'nj
chita mét hang ti& trwe tiép V] = H(; 1 sao cho V] NKern = {0}. Vi Ls, [023] i GL; bit bid
nén trong Ker n ta cé cdc F;|GLs| mé dun sau:

W, = [023](HF1.0)H[011]): Wy = LS(H?D,UHU,U]L

Vl [023] = L3Q3‘1 v Qa‘; = fof + Va{ﬁ? + Vg] ta \'igt- ia.i w‘; = LGQB.I(H{‘LQ]-?(O.H]- Tl\f ("
d& thiy ring Wy # W3, M3t khic theo chimg minh cda ba 48 3.5 ta cé:

W, = [023](Ls) & [023]V;

véi (L3) 1d mé dun con mdt chidu sinh bdi L, V; 13 mé dun con x4c dinh trong H{‘l.o)H{ﬂ.ll '
V2 = H(, ;). Twong tw

W3 - L3([023]) (2] LgV:;

véi ([028]) 14 m8 dun con mdt chitu sinh béi [023], V5 12 md dun con x4c dinh trng HY, |\ Hy;
va Vi = Hg gy Do Wy # Wj ta suy ra [023]V; # LaVy v ching bit khi quy nén cé gi
bing khéng. Ché ¥ ring [023|V] = LV = H(, ) vd H(y,) cing 13 ndi xa né& trong sy ph
tich Hi‘l'”H“'” = H(1,1) ® H{1,1) thinh cic hang t& tryc ti€p khéng phin tih dwge dinh
Krull Schmidt ching td ring cé 3 hang ti ddng cdu véi Hiy1). Ta ciing ¢6 Ky 0) ® H(y,y
P{H{I,D]] &8 H{l'”- Do d6
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Hio1) @ Hi1.0)® Hiy1) = Hio) ® P(H{1,0)) ® Hio.1) @ H{1.1)s
(Hii) @ 1oL, ) ® Huay = Hion) ® P(H(1,0)) ® P(H(p.1)) ® Hu

i b d& 3.5 va khing dinh iii) cda dinh ly 1.2

Hiyw®Huq.y® H{.‘I..l} = H[n,i] @ P(H(I,D}] & P(Hm'“] ® H(y,1)-

Dinh Iy Krull Schmidt ching té ring trong sw phén tich H(, ) ® H{y1) & trén thanh cic
1g ti trwe ti€p khdng phin tich dwogc ¢6 hang td X, ddng cfu véi P(H(o,1)). Twong ty trong
phan tich H(; ;) ® H(1,1) & trén thinh cdc hang ti& truc ti€p khong phin tich dwoc 6 hang ti
ding ciu véi P(H“_gl). Dit

M= V{ D [023;1/5 23] Lav‘; X e X:.

i1 d6 mé dun con hoin toan khd quy cuc dai cda M 13

M = V; 3] [UZS]VQ’ & Lg"’g & H, & H,,

i Hy, H, lin lwot 1i cdc md dun con cwe tidu duy nhit cda X, X; ding ciu véi Ho,1), H(1,0)-
mé dun con mét chitu sinh béi L3]023] ding cdu véi 1gy,, cb giao véi M’ bing khéng nén cé
o véi M bing khong. Do dé né dugce chira trong F2[GLs] phin bit cda M trong HY yHiy
oy Haay laxa dnh nén né cing 1 ndi xa. V1 thé Y 1A ndi xa nén suy raring Y 1a xa Anh. M3t
ic dimY = 8 va bing 83 phin t& cda T3 nén Y khéng phén tfch dwoc (xem|[1], 65. 17). Do &6
* P(1cr,)- Khing dinh iv) cda dinh Iy 1.2 dwgc chimg minh vi dinh 1y 1.2 dwgc chirng minh.

3.7.Chéng minh tiép dinh ly 1.1: V1 cdc md dun trong dinh 1y 1.1 13 bt kha quy tuyét
, ta cé:
dimF,[GLs| > Y  dimHg, 5, dimP(H s, g,))

0SB A2S1

> 8+ 2(3.16) + 8.8 = dim F,[G Ls).

u nay chimg té ring ding thirc phai xdy ra tai c4c d4nh gi4 cda ching ta vi do d6 c4c mé dun
trong dinh ly 1.1 14 tip diy dd. V1 viy dinh Iy 1.1 dwge chirng minh.
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THE MODULAR REPRESENTATION OF GROUP GL(3, F3)

Ton That Tri

Faculty of mathematics, Hue University

Let a be and algebra over the field F. The aim of this paper is to determine the complete 84
of irreducible modules the principal indecomposable modules of the algebra A. Up to now, th
is still not a general method to determine the principal indecomposable modules of A.

In this paper, by using Dickson’s invariants we construct the complete set of irreducibl
modules of the group algebra F2[GL(3, F3)|. After that by identifying the tensor product of tw
irreducible modules as a submodule of the commutative polynomial algebra, in which there is |
module being projective. Applying the Dickson’s invariants we decompose the above submodul
into a direct sum of submodules. From this we obtain the pricipal indecomposable modules of th

group algebra F3|GL(3, F?)).
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