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DAC TRUNG CUA DAN Sub (1)

Nguyén Dirc Dat
Khoa Todn - Co - Tin hoc, DHTH Hd Nés

1 MO DAU

Nim 1978, trong [1] G. Gratzer di néu bai todn: “Tim d¥c trung cda din Sub(L)". Cho t&i
1y diy van dang cdn la mot vin dé mé.

Trong bii ndy ching tbi d& xuit dic trung cia Sub (L) nhvr ndi dung ¢da dinh 1y 3.4 (dinh ly
inh). Theo dinh ly, mét din nguyén tt¢ S véi tip mguyén t& A thda min céc didu kién da cho
i trén A c6 c3u tric din sao cho S =~ Sub (4).

Trong §2 trinh by nhirng tinh chit quan trong 21 - 2.4 rt ra tir din Sub (L), trong §3 chirng
inh céc tinh chit ndy 13 dic trung cda Sub (L) {nb6i dung cda dinh Iy chinh). Cuéi cling trong

1a cac thi du 4p dung. '

§2. MOT SO TINH CHAT CUA DAN Sub (L)

a) Mot s6 khéi niém vé dan nguyén ti

1. Dinh nghia. Dan S dwoc goi 1A dan nguyén ti néu S 13 mét dan diy dd, cé tip nguyén
“AsaochoVse S8, s=V a; (a; € A, 1 €1).
i€l
2. Cho a € S ta ky hitu G, = {a;|a; € A, a; < s}, 46 13 tip con t5i dai trong A sao cho
G, = s, ta néi @, 1A tip V-sinh cda phin ti s.

3. Trén tip A luén ¢é quan hé p dwgc dinh nghia nhv sau:

a = b hoc

,b) € p né { .
te;8) € gk (@, b;0, avb) 13 hinh thoi don vi.

b) Xét dan Sub (L) véi L bat ky

Dé dang nhan thdy Sub(L) 13 din nguyén t& véi tip nguyén td L, = {a|e € L}, & day
= {a} 12 din con mét phin td. Viy trén L; c6 quan hé p va YK € Sub(L) Jax 13 tdp \/-sinh
a phan tir K.

Cho (4,b) € p, ta dinh nghia:

(a5 = {¢la<ec<b} néua<h,
S {¢cla2c>b} néua>b

Sau diy ta sé chimg minh mét s8 tinh chit d8i v&i tip L;, quan hé p vi céc tip con kiéu Gk,
b}...
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Tinh chdt £.1. (&,b) € p thi &, b € (a,b) va ndu ¢ € (a,b) thi (a,é), (¢,5) € p va (a, &) (¢, b)
{¢}. : .

Ching minh: khéng mit tinh tng quit cé thé gid thiét a < b. Tir khodng [a, ], [a,
[c, ] trong dan L dé dang suy ra d. p. c. m.

Tinh chdt 2.2. {a,b) = (a;,b;) thi {a,b} = {ay, b1}; (¢,d) € pva ¢, d € (a,b) thi (¢, d) C (a, 8]

Chéng minh: Dé ding suy ra.

Ténh chdt 2.8. &, b, ¢ khic nhau tirng d6i mét va (a, 6} (a,¢), b, ¢) € p thi xdy ra duy nhd
mét trong ba trwdmg hop: a € (b,¢), b€ (a,é), ¢ € (a,b).

Ché¥ng minh: Cic phin t a, b, ¢ s0 sadnh véi nhau tirng d6i mét va khéng mas tf
tong quét gih sk a < b. Vay chi ¢6 thé xdy ra mét trong ba trudmg hop: a < b < ¢ tirc b € (b, ‘J
a<c<btbeée(ab)c<a<hbticac (¢b).

Tinh chdt 2.4. (a, b), (¢,d) € p thi 3¢, fsau cho &, b, ¢, d € (¢, f) v néu &, 6 &, de (éllfﬂ
thi (¢, f) C (é1, f1). Hom nira: (2. 4a) Néu a, b, ¢, a‘EGK (3K € Sub(L)) thi¢, j € Gk. (2.4
Néu K C L, thda min tinh chit a, b, ¢, d € K = ¢, fe KthiGyg = K.

Chéng minh: 1) Khéng mit tinh tong quit, glﬁthreta&’.bvac'c:d Pit e = a Al
f=bvd, dé dang suy ra (¢, f) 12 tap cin tim.

2) ViKladinconcda Lnénsuyrae f € K, dodéa,feGg.
3) Pét H ={alae€ K},suyra Hlidinconcda Lvidodé Gy = K va \V K = H, d.p.c.m

Céc tinh chit 2.1 — 2.4 cho ta sw goi ¥ vé dic trwng cda dian Sub (L). Trong §3 dwéi 4
ta s& xuit phdt tir din nguyén t S véi tip nguyén td A thod min céc tinh chit twong tw 2
—+ 2.4. Ta sé chimg minh trén A cé cau tric din sao cho § =~ Sub (A).

§3. KET QUA CHINH
Cho dan nguyén ti S, tip cic nguyén tik 13 A = {a,b,c,...}. Trén A c6 quanhé pva Vs €
c6 tip V-sinh 1A G,. Gid thidt S thda min cic digu kién sau:
(1) (a,b) € p, 3{a,b) C A sao cho a,b € (a,b) va néu ¢ € (a,b) thi (a,c, (c,b) € p
((a,e)) N (e, b) = {c}.
(2) {a,b) = (ay,d,) thi {a, b} = {aj, by } (c,d) € pvae,de (a,b) thi (c,d) C a,b).

(3) a, b, ¢ khic nhau ting d6i mét va (a,b), (a,c), (b,c) € p thi xdy ra duy nhdt mét tror
ba trwrdmg hop: a € (b,¢c), b € (a,c), c € (a,b).

(4) (a,b), (c,d) € p 3¢, f saochoa, b, c,d € (e, f) vinéua, b,c,d € (ey, fi) thi'e, f) C (ey, fi
Hon nira:

(4a) Néu a, b, ¢, d€ G, (3s € §) thie, f € G,.
(4b) Néu B C A thda man tinh chit a, b, c,d€ B=>¢,f € Bthl Gyp = E.
Ta chitng minh mét 8 tinh chit suy ra tir (1), (2), (3).

Tink chat (1). (a,b) € p thi (a,b) = {c: (a,c), (c,b) € pva {a,c) N {c,b) = {c',-}

Chiéng minh: Gid thi€t a # b, chl cin chimg minh ¢ thugc vé phai thl my ra ¢ € (a,|
Cé6 theé gid thiét ¢ # a, b, theo (3): a € {b,c} ho¥c b € (a,c) holic ¢ € (a,b). Néu a = (b,c), theo (
cb (a,c) C (b,c) suy ra (a,c¢} = (a,c) N (b,c) = {c} va do dé a = ¢, v6 ly. Twong tr, néu b € (a,
thi (b,¢c) C (a,c) suy ra b=c vd ly. Viy chi cé thé la c € {(a,b).
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Tinh chdt (1I). (¢, d) C (a,b) thi (a,c) C (a,d) hodc (a,d) C (a,c).
Chéng minh: khéng mat tinh tong quét, gid sk c # d, a # ¢, d vd b # ¢, d.
Xét a, ¢, d theo (3): a € {c,d) hodc ¢ € {a,d) ho¥c d € (a,c).

Gil st a € {c,d), 4p dung (3) choc, b, d ta cé: b € {¢,d) hodc d € (b,c) holdc ¢ € (b,d). Cé
€ chimg minh dugc ¢d ba khi n3ng niy d8u khéng xiy ra, do d6 gik thiét a € (c,d) 13 va. 1y.
ly chi cé thé 1a ¢ € (a,d) hodc d € {a,c) tic 1d {a,c) C {a,d) hoic (a,d) C (a,c).

Tink chdt (I1I). (c,d) C (a,b) thi {a,c) C (a,d) <= {(b,d) C {b,c)
Ché¢ng minh: dé ding suy ra.

Tink chat (IV). Cho (a,b) C (e}, dy) C (az, d2) va {c2,¢1) C {cg, dy) thl {c;,a) C (¢1,b) <=
‘.:u) g (aﬁ.’.t!’}r

Chéeng minh: Céthé gid thi€t a # b vd ¢z ¢ (¢1,d;), ¢1 ¢ (a,b). Ta bi€u dién céc tip
cho nhw H.1. d
"

4

Ap dung (IIT) cho (cy,d,) C (az,d2) ta cé {do, dy) C (dg, c1). Cé
i chérng minh

¢y € (cq,a) va c; € (cq, b) (%) b
Ap dung () ta chitng minh (c;,a) C (cy,b) <= (c2,a) C {(ay, b).
diy chi chirng minh didu kién dd. Xét ¢y, a, b, & diy c; ¢ (a,b). e
eo (3) : a € {c1,b) hodc b € (c1,a). Néu b € (cy,a) thi tir (») suy C4
b € (cz,a). Vay (ca,b) C {c2,a) va tir gid thi€t ditu kién dd suy ra Ca

= b, v Iy. Viy a € {¢), b) va do 46 {c1,a) C (c1, b). Hinh 1

Sau diy, tir cic tfnh chit (I) — (IV) vi diéu kién (4) tr¥r (4a), (4b) ching ta sé chimg minh
t 3 bd d¥ d& 4p dung trong phép chimg minh dinh 1y chinh.

'dé 3.1. Cho (a,b) € p thl trén {a,b) cé quan hé thit tr a sao cho: z,y € (a,b), (z,y) €Ep <>
y hodc yaz.

Chéng minh: Taxiy dung quan hé o trén (a, d) nhw sau:

a) DAt aab.

b) z,y € (a, b), (z,y) € p thl zay néu (a,z) C (a,y).

Deé dang suy ra céc tinh chit phin xa, phin d&i ximg vi bc ciu cda a. Cho z,y € (a,b) v
v) € p, theo (III) v theo cich xdy dung a ta cé zay ho§c yaz. B8 dé 3.1 da dwgc chirng minh.

[ § 1. D& chi (a,b) véi a 1A thir ty trén né, ta vidt ((a,b),a). O diy quy wéc aab (a ding
e b).
dé 8.2. Cho ({a,b),a) va cho (e, b) C {a;,b;) thi trén (ay, b;) cé thir tw a; sao cho aﬂ{a 5 =

Chiéng minh: khong mit tinh tong quit, gid sk (a;, a) C (a;, b). Ta dinh nghia quan
x; trén (a1, b;) nhu sau:

a] Dit aya; by
b) z,y € (a,b1), (z,¥) € p thi za,y néu {a;,z) C (a;, y).

Dé dang suy ra a; 12 mét thir tu. Xét (c,d) € p vi c,d € (a,b), 4p dung (IV) cho {c,d) C
) € (ag,b1) vi gik stk cad ta cé: cad <> (a,c) C (a,d) <= (a;,¢) C (a1,d) <> ca;d. Viy
ab) = @ B& d& di dwoc chérng minh.
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Chi § £. Cho ({(a, b), a); 48i véi {c,d) bit ky, tir (4) ta cé ¢, f sao cho a, b, ¢, d € (e, f). Theo b
de 3.2 trén (e, f) ¢6 thir tw a; sao cho aﬂ( 0 = Dit ap = alh ) ta néi ap 13 thi ty trén

{¢,d) cdm sinh bédi a

B3 dé 8.8. Cho ((a,b),a) va {a1,b;) C (az,b2); Néu ay, a; 1a céc thir tw lin lwot trén (ay, by),
(a2, b2) cdm sinh béi a thi as|, , \ =«

Chéng minh: Theo (4) ¢é (cy,d,) chira a, b, ay, by va
(¢3,d3) chira a, b, az, bz. Hién nhién (cy,d;) C {cg,dg) va ¢6 thé
gid thiét (cq, ¢1) C (c2,dy) H. 2.

Gid st of 13 thir tu trén (cy,d,) sao cho a”(m.m} = a
va o) 13 thir tw trén (cz,d;) sao cho “’zha,.b,) = ay. Ap dung
(IV) cho {a, b) C {c1,d1) C (cz,dg) v6i (cz,¢1) € (c2,d) ta cé
{e1,a) C {c1,b) = {c2,a) C (c2,b). Viy ciajd; <=> caa5dz va

do 48 aj,, oy = a1 V1 (an,b1) € (e1,d1) mém asl(, oy = 0.
Bé dé 3. da dwoc chirng minh.

Dinh 1y 3.4. Cho dan nguyen t S véi tip cic nguyén tir A thda min céc dmn kién (1), (2), (3),
(4} Khi d6 trén A cé ciu tric dan sao cho § =~ Sub(A4).

CH&ng minh: Ching tasé 4p dung cic b8 d¢ 3.1, 3.2, 3.3 aé xdy dung trén A thir ty <
va chéng minh A 13 mét dan sau dé 4p dung (4a), (4b) dé thiét lip ddng cqu din: S — Sub(A).

1) Ta x4y dung thir ty < trén A nhw sau:
a) Liy (a,b) € p bdt ky nhung ¢8 dinh, dinh nghia th& tr o trén (a, b} nhur b3 & 3.1.

b) Cho (c,d) € p bt ky, dinh nghia ¢ < d néu ca'd véi o' 14 thir tw trén (¢, d) cim sinh bédi
a, theo b8 d& 3.2 va chi y 2.

¢) Thit tw < dwoe dinh nghia ding d4n do bd d% 3.3.

2) Xét a,b € A, vi (a,a), (b,5) € p nén theo(4) cb ¢, f sao cho a,b € (¢, f). Khéng mit tinh
tdng quit, gih st ¢ < f. Dinh nghia aAb=¢,aVv b = f, dé ding suy ra A, V li cic phép tosn
dan.

8) Ta thiét 13p ding cfu din @ : § — Sub(4).

Theo (4a), Ya C S, G, 1i din con cda A. Mt khic, néu H C A 1a mét dian con bt ky th
d¥t S = VH (liy trong dan S), theo (4b) G, = H. V3iy phép img ¢(s) = G, 13 mbt song 4nh
S — Sub(A). D& dang ching minh dwge ¢ 13 ding ciu dan.

§4. Thi du

Truée hét, tir (4) cda dinh 1y 3.4 ta ¢ nhan xét:
(a) Néu (a,b) € p vd a # b thl B = {a,b} thda min (4b) vi |Gaus| = 2.

(b) Néu (a,b) ¢ p thi do (a,a), (bb] € p nén e, f sao cho a,b € (e, f). Tip B = {a,b,e¢, f]
thod man (4b) vd G,ys = B, |Gaus| = 4.

Th{ du 1. Xét dan By (hinh lip phwong). O diy A = {a,b,c} vd p= A x A. Ta c6 thé dinl
nghia (a, c) = {a,b,c}, (a,b) = {a,b}, (b,c) = {b.c} va thi tw < sao cho a < b < c. Vay cé thé co
Bs ~ Sub(A) véi A 13 dan xiclic. '

Tuy nhién, d6i véi ddn M, ciing ¢6 p = A x A nhung & diy Gapy = A tirc [Gai] = 3 tréi vé
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. Viy M4 khéng thda man (4b).

Thi du 2. Cho tap X # B, xét dan T tit cd céc topd
n X (xem [2]). Diy la dan nguyén tik, cic nguyén ti la
topd b dang {0, A, X} véil # A # X,

a) Néu |X| > 2 thi E khéng thda man (4b). Thit viy,
st A, Bec X, AB#£0, AUB# X, AnB =0, ky
ut, = {0,A, X}, t2 ={0B, X}, t; = {0,Au B, X},

{8,A, B,Au B, X} thi ta cé (t;,t2) & p vd Gy ¢, =
= {ty, tp, ts}, suy ra |Ge,ve,| = 3 (trdi vén (b)). Hink 8

b) Gid st a,b € X, a # b. Trong I, xét cidc nguyén tk ¢, = {8, A;, X} véi A; € X,
ALbg A el DrE = {Vylic I}. D2 ding suy ra 5; 13 din con cda  vi °

JeJ
tj'} ep= A C Ay hoic AJ' C A,. Gik stk (t;,lg) € pva A C A; ta dinh ng}ﬁa (tl,fq) =

A, € Ap € A, } Chirng minh dwoc ¥y 13 dan nguyén ti, tap nguyén t L = {t.-h' € f} vi
a min céc ditu kién (1) — (4) & dinh 1y 3.4. Viy L trd thinh mdt dan vd I; ~ Sub(L). Chd
ing & diy cé thé ddng nhit dan L véi dan tip hop {xem [3]), gdm t&t cd cdc tip con A; € ¢;,
I.
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ON A CHARACTER OF LATTICE Sub (L)

Nguyen Duc Dat
Faculty of Mathematics, Mechanics and Informatics, Hanot University

A character of lattice Sub (L) is understood as specific properties so that: if an arbitrary lattice
atisfies these properties then there exists an appropriate lattice L', such that § ~ Sub(L).

“Find a character of lattice Sub (L)” is a problem proposed in [1] by G. Gratzer.

In this paper a character of Sub(L) is proposed by certain conditions on the set of atoms
= {c':|a = L} in lattice Sub (L) where @ = {a} is sublattice of one element. The principal

ilts of the paper is theorem 3.4. It shows that: If an atomistic lattice § with its set of atoms
atisfies given conditions then-there exists a lattice structure on A for it S =2 Sub(A4).
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