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DAO HAM TRUNG BINH
VA UNG DUNG CUA NO

MG DAU

Trong nhidu bai todn thyc té, thudng gip trudmg hop ham cin tim gién dogn, khd
ho¥c mién dwoc xét c6 bién khong trom. Pé khic phyc céc trwdmg hop ndy, ching té
khéi niém dao hAm trung binh vA xét sy img dung cda né trong bai todn vit Iy cho phuo
Laplaxo.

1. KHAI NIEM DAO HAM TRUNG BINH

1.1-Dinhnghia:a} F : 0+ Cz neuVheN+T, mo€R+Ttacé:

L]
Bm l/ w“=3ﬂ2m5)
-5

§-0 26

th giéi han d6 dwgc goi 13 bién phén trung binh (theo tich ph&n) thir 1 cda him F tai s
b) Néu tai o ta ¢6 5F(zo,h) = Ah. Trong 46 A 12 todn t& tvyén tinh gisi ndi, th
goi 13 kha vi trung binh (theo nghia tich phén) v
; 5F(zo,h) = Ah =: F (20, h).
F(zo, h) - vi phin trung binh cda F tai zo, F- da0 ham trung binh (theo tich phin)
2o. Sau ndy dé don gidn ta chi goi 1A bi€n phén trung binh, kha vi trung binh, dgo h
binh cda F.
1.2 - Tfnh chdt cda dao him trung binh
a - Hién nhién ta c6 h§ thic

(F7C"'(20) = F (20) + C'(0)
(- (20) = aF (20)
(F* o) (z0) =F(2) Tlao) = (%o =Clzo))
b-N 7 cédso ham Getoeux, thl F c6 dao him trung binh.

¢ - Ton tai hdm F ¢6 dao lidm trung binh tai 2o, ma khéng c6 dao him Getoeux t3i
Vi dy F(z) = |z| khong c6 dao ham geto tai z =0
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g F(0)=0
\m F c6 diém géc tai zo (hinh 1), nhumg vAn cé dgo him trung binh:

fa(z) z 239 '
F(aa) = 21fi(e0) + fio] B

Hinh 1
Am F ¢4 thé khang lién tyc tai o, md vin cé dgo him trung binh tgi dé:

oz +ag

Fig) = { Bz +B3

P = e+ )

BAI TOAN KHUYECH TAN V&1 PHUONG TRINH LAPLAXC

; phin ndy ta d& cip dén vige gidi gin ding phwong trinh:
-
n

V(z)=0 zeN+T (2.1)
: 14 I' déng, gidi ngi trong R?(R°)
I - bién tron ting khic (3
kién bién :
Hinh 2
aU(z) + fg(z) =d(z) =z€T . (22)

£ 46 a, B 1A chc hing 88, d(z) hAm d3 cho giéi ndi,

- 12 ham thé vj (xem [1]), véi gid thiét kha vi trung binh hai lin. ¢ = —1—, ii(z)
1yén ngodi tai z.

fi¥ ta dwa ra phwong phép chung gidi bai toén (2.1), (2.2):

phuong phép cin blng sai 83 (xem [1]), nghi§m U(z) dwgc tim thda mén h§ théc

/ (V20U (=))W ()dn(z) = 0 (2.3)
a

346 : W(z) - hAm trong lwgmg.

fch phén tirng phin hai lin vé tréi cda (2.3) ta di dén h§ thic:

AT Wiz V(=)
! (V2 ()] ()dn(z) [ vl Grar) r[ WEGRadE) 04
W (z) A nghi?m cda phwong trinh:
VW (z) = §(¢.2) (2.8)
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& sy : 6(¢,2z) - ham Dirac
Tir (2.4) vA (2.5) ta cb:

oW (2)

/6(E,z)l/(:)dn(z)=/ Ule) Griparte) - /w(z)a"‘”)
1] o

aii(z)

dl(z)

Theo tnh chit ham Dirac, (2.6) dwgc viét lai 1a :

v(g + / U(:)iﬂﬂdl‘(z)= / w(2) & i)
ol | o

#i(z) dii(z)
Nghigm cda (2.5) c6 dang:

D3i véi trudng hgp 2 chitu
. 21r r(f. z)

vl o) = 3

Déi véi trudng hop 3 chitu

4* &)
Trong 46 r(£, ) 1A khodng cich giira céc diém € va z.
Ky higu:
au*
wle) = Gl

Thay (2.8), (2.9) vio (2.7) ta c6:

00+ [ Ve (6aar(e) = [ o(a)0* (6 2)erte)
e r
Cht § ring trong (2.10) € A+ T, z € T. V1 viy (2.10) cho
sy ring budc gifra cdc gi4 tri ham tai cic didm trong 0 va didm
bién T, E
Véi € €T, tich phén & v& tréi cda (2.10) chira ky dj y&u (tai
£ = z. D& khic phyc ta xét hinh clu t&m ¢, bén kinh e va gid st

bién cda hinh chu 1A T, (hinh 3). Khi 46 ta cé: . r
‘ Hinh
/ U(z)q" (€ z)dl'(z) = / Ulz)q* (¢, 2)dI'(2) +/U(=)'I'(E, z)dT’(z)
r o o Te

Cho & — 0 ta dwge

i [ UG = [ Ve )
;]

r-r.
tim [ (20" (€, 2)a0(e) = 0G0 i, [ 47 (6,240
T Te
1 1i 46 (2.17 =6 dgng
cleie)+ [ Vela'(e,)are) = [ alalo* (6, 2er(a)
r r
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C§) =1+ .h_"“) q"(£,2)dI'(2) (2.15)
T 2
3i& ta gidi (2.14) trong trudmg hop 2 chidu. Chia bién thanh N phin t& vd d4nh s8 ching
N. Gi4 st trén m3i phln t¥ ther j (j = 1, N) Céc hdm U(z), ¢(z) c6 bc twong éng 13
bt

M= J_::i%xﬁ[mu(M,-,Nf)] (2.16)

16 trén m8i phin ti tht 7, ta chon M + 1 néit va dwgc el
heo thir ty tir 0 dén M (ndt thér O va nht thi M twong 5/

1 va cudi cia phin ) (hinh 4). /

idu 1 €', U, ¢t 1A chc gib tr; cda C(¢), U(€), q(¢) ril]
g khi € & nét zheeca.pnn hut
mg trinh (2.14) dwoc viét cho t&t d chc nht (L ndt thé

thir M) cda tt cd c&c phin ti, ta dwa dén hé: Hinh 4

53 f U(2)Q" (6, 2)dI(z) = Z / W)U (6 2)dT(@); (=T N;=T,7) (2.17)

J=IF, J=1g,

¢ ring, trén m3i phin ti ther j (§ = T, V) cic him U vA g dwge bidu didn duéi dang :

Mo M
U=Eviy:b. q=z%’,q”* (2.18)
k=1 k=0
el Pl s @l ¥ Wi o) Wi 1 che ham ngi suy cda Ua), q(a) trén phin v
g tng.
P
M 3 N
/ V(@) (6 2)dr(e) = 3 f ¥(6:2) - wldr(2) v
=t
T, uo L) (2.19)
/ al=)v* (&,2)dr(z) = 3 ( / WiU* (€, 2)dT(z)g™
T, Ll
W = [ AT (62)0), g = [ U () (220)
r;
17) ta dwge :
N M
CIUt 4 Z Z KLUk = Z Z it (= j =1, M) (2.21)

j=1k=0 J=1k=0

it cd cdc nit chung cda hai phin té k& nhau ta cé:
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ylo = ynm g0 = gNM
{vl" S ULHIM (j=TF)’ {q"“ = qUH M (5= TN =T)
Dt
By k=T HM-1
R ={ hh+hy F=Nk=M
B+ b, k=Mj=T -1
@S k=TM-1
=1 dbtdiy J=Nk=M
9;[M+9{§+1)o k=Mj=1N-1

Khi 6 (2.21) trd thanh:

¢ U“*ZZ hiLU* = ZZk—lM it ((=TN ;=1M)
j=1k=1
by
G k=t
trong trudng hgp cdn lai

Th (2.25) c6 dang:

EZ hiLU* = ZE §ikdt (=T N, t=TM)

J=1k=1 =1k=1

K&t hop véi didu kign bién (2.2) dwoc vidt cho tat cd chc nit (ti ndt tht 1 dén nat ¢
cida céc phin ti, ta duge:

N M . . N M 3
355 o= 355 e
j=lk=1 j=1k=1
QU + fgit = dit
i=1,N; L=1M
(2.28) 12 h§ gdm 2 M.N phuwong trinh véi 2 M.N &n 83 (M.N #n s3 U*¢, M.N 4n ¢*¢. ¢
ndy ta tim dwgc céc gid trl cda U vA g trén bién T, € xéc dinh gid tri cda U tai diém tro
0, ta dya vio ding thv (2.10).
K¢ higu :

n-pali . e

U= (U L UM, U oL o)
=(qu,q ,,..,QIM,qH,...,qu‘4.4,qN",..,qNM)T
D=(d“,d”v..,d‘M,d'“,.“,d“‘,..‘,d"‘r..,d"“)T

Khi d6 (2.10) dwgc viét dudi dang ma trén.
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1 a
Q_ED—EU

a 1
(H+ EG) = EGD

- Trudmg hop U va ¢ khong déi trén mdi phin ti bién

(2.30)

1g phin ndy, gid thiét m&i phin t& bién 13 tuyén tinh va céc ham U, ¢ khéng ddi trén
Chi 46, trén m&i phin t& ta ldy mét nét chinh 13 trung diém cda né. S& dwgc danh cho

tring véi phin ti chia né.
ng trudmg hop ndy ta cé:

W=p¢i=1 Vvi=TN /@/
W= [ (e = Hy K 4

r, 2

ai =_/ U*(¢,2)dT(z) =: Gy;
T
Hink 5
: 3 1[1 1
pi=cl=1 —U* e e =
Crime +.‘2‘5/aa(:)” (€,2)d0(z) = 1 h/ RACEE
Te Te 5
U= U, ¢=¢' D=dt
& thinh
1 X . o : o
FU + D HyUY = _z;c;jq: (i=LM
-

i=1

_[Hi+}d =g
By { Hi; T#]
- hop véi didu ki¢n bién (2.2) dwge vidt cho t4t ci chc nit ta cé:
N N
Z A,;U7 = Z (74
s=1 i=1
ol +8¢ =D (i=T W)
higu:

o= [A] -4 =1¥,

U= (U402, UN)T, Q=(¢,¢,....¢")", D=(D'D%,..., D),

13) duge viét dwéi dang ma trin:
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(2.32)
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1 a
Q~§D—EU

1 (
H+2G)U - -GD
(r+ geiti-5
Gii (2.35) ta tim dugc chc gid trj cda U va g trén bién. D€ tim gi4 tri cda U tai diém
cda 0 ta lai dva vio (2.10).
2.2 - Trudmg hop u va g c6 dang tuyén tinh trén mdi phan ti bién

Trong phin ndy, vAn gid thidt m3i phin td bién 12 tuyén tinh, cdn chc ham U , g ¢6 .
tuyén tinh.

Khi 46 trén m8i phin ti ta chon 2 ndt 13 hai d8u cda phin ti (hinh 6).

-AA
. s
Diém n ©b 1 L-""_ A
peom P ey s <8 o // 1
[ -1 1 0 ’
1 1 1] 1 - ,’:“t
Hinh 6
Gid st m8i phlin ti ¢6 9 dai bing £
bit
2z
n= (
Trong trwdmg hop ndy ta cé:
=¢i=101- _
{p{: ve A BV (
es =¥ =3(1+n)

#= [ dleeaie  wy= [ ool
ry

ry
= [ W = [ o
ry ry

his =hl+h,,, i=TN-1 {
hij =hiy+h =N

G =g+ F=LN-1

G =gyt =N

r.={’.1-\'+C.' =t ,
hij J#4 (

Khi 16 hé (2.28) c6 dang



| D

U= (U‘)::u' Q9= ("i)("-v D= (d‘):v:l

| (2.40) dwgc vidt duéi dgng ma trin:

1 a
Q-ED—EU

{#+30)v= 20D

(2.41)

(2.42)

Gidi h§ (2.42) tim dwge u vA g trén bién. D& tim gié trj cda u tai diém trong cda 0, ta ép

1§ (2.10).

2.3 - Trudng hop U 6 dang tuyén tinh, ¢ khéng d8i trén m8i phin td
Trong trwdmg hgp ndy, trén m8i phlia t ta €y 2 nd¢ 13 hai d3u cda né. Ta cé:

A S

o PR s |
0 -1 1 0 12 12 wa .
1 1 0 112 1 '50——/—-__1:“;(
Hinkh 7
e 0
wo=3(1-n) el=3(1+n)
v e o (2.43)
w=vi=3 (=7)
&y £ 9 dAi cda phln ti
= [ vl
Ty
Wy = [ w6 ar(a)
ry
1
=3 [ vteaie) = o
T
luz{h}i*hziﬂ i=TN=-1 o ={ﬁe‘,'+9?,5+1 y=T N
hin + b ji=N A ol + 9% i=N
[k itj
hy { faa b (244)
Chm O UimU% =gl =i

Khi 6 (2.28) c6 dang:
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N N
SohUi =Y did (
5=1 =1 )
ali+f¢=d (i=TN
bye:
H= ["‘l]:.vi-)' G= [’U]:{-l’ U= (“)("-1’ Q= (9‘)."-(' D= (d‘):l-l
(2.45) dugce vidt dwéi dang ma trin:
1 a
= =D - —
o : g
(H+26)v=1ap
B B
Gidi (2.46) ta tim dwgc gid trj cda U vA g trén bién T
Sau 46 4p dyng (2.10) d2 tim gié trj cda U t3i diém trong Q1.
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Phan Van Hap - Le Dinh Dinh

THE AVERAGE DIFFERENTIATION
AND ITS APPLICATIONS

In this paper ls given the definition of the (integral) average derivate.

With this conception we consider the problem of the approximate solution of the equations (2.1
(2.2). The approximate solution of this problem follows from the solution of linear algebralc (2.30]
relation

U@+ [ V(6 i) = [ o0 (esis, (ec)
r r

Bj mén Phuong phép tinh - DHTH Ha Ngi
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