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VE LGP CAC DAN KHONG CO DAN CON CO PUQC

Nguyén Dirc Dat
Khoa Todn, Pai hoc khoa hoc tu nhién. PHQGHN

1. MO PAU

Nghién cifu bai todn Gratzer [1] : "Tim ditu kién trén dan L sao cho Sub(L) xdc dinh L t6i
mifc diing cfu”, Hoang Minh Chuong [2] da dua ra didu kign d& Sub(L) xdc dinh L i mic
diing cfiu hojic déi ding cfu. Trong [3] ching i da dura ra khdi niém dan con co duoc va
chiéng minh djnh ly "Néu dan L khong ¢6 dan con co duoc i Sub(L) xdc dinh L i mifc
dkng chu hoiic ddi d’h\g chu".

Muc dich bai ndy 1a nghién cu lop K 1dt ch cdc dan thdba man didu kién cha dinh 1y da néu
tife lop cdc dan khong ¢é dan con co dwoc.

Ching t6i da chiing minh duroc Iip K chifa tdt ¢i cde dan modular va nira modular khéng
phan tich tuyén tinh droc va hon nta ch cdc dan tr do, cdc dan ¢6 bd duy nhit... D6 12 nhitng
két qui c6 y nghia trong vige gidi quyét bai todn Gratzer.

2. CAC KET QUA
Trude hét ta nhic lai khdi niém dn con co droc va chifng minh mdt s8 tinh chit clia né.

Dinh nghia 2.1. Dan con thue sy A ciia dan L véi |A]> 1 dwoc goi 1 dan con co dwoc
£
ncu @

(a) A I dan con 1di.
(b) Néu < a, b ¢, d> 12 mot hinh thoi rong Lihic & A e d € A.
B d& 2.2. Cho A 12 mdL dan con co duwgc trong L vl a € A,k e L\ A, khi d6 :
(PHNluk<athik<xVxeA,
(P2)Néuk>athik>x VxeA,
(PHNéuk [Jathik || xVxeA.
Chifng minh :
1) Cho k < a, xét x € A bt ky:
a) Néu x < k thi theo (a) (dinh nghia 2.1) 1a c6 k € A, vd ly.
by Néu x || k thi x <x vk <x va theo (a), (b) ta Bin lrot cé x vk e A x a k & A Tt
xAk<k<atasuyrak e A, v ly.
¢) Viy chi c6 thé 12 k<x va do d6 (P1) duoc ching minh,
2) Bing ddi nglu ta c6 (P2).
3) Ap dung (P1), (P2), ta 6 (P3).
Biy git ta dp dyng cde tinh chit 1rén d& chieng minh cic k€U qui cla bai todn.
Ménh d& 2.3. Néu M 12 dan modular khdng phan tich tyén tinh dwoc thi M khong 6 dan
con co duoc.

Chifng mum Ta chiing minh bng phin chiing. Gid st M ¢6 dan con co duoc A, Vi [Al>
1 nén cri thé gih thiét3a, b e A sao LI\O a < b Xét phm WkeMVA VIiM khdng ¢6é phian
tich luycn tinh nén theo bd d& 2.2 ¢é thé chon k sao cho k || a b. Néua vk e A theo dinh
nghia 2.1 ta d¥ dang suy rak € A vd 1y, Viy tagid thifta v k ¢ A. Via v k > a theo (P2) a
cdavk>bvidoddavk=hbvk (HI) Tuong tr tacing cda Ak =b Ak Viy trong M




c6 dan con ngd gmc Ns = {a, b, k,a Ak, bvk}. Didu nay miu thuln vdi gih thiét M 1a dan
modular. Mgnh d¢ dudc chifng minh.
vk

H.1

Mgnh d& 2.3. Cho thdy I6p K cdc dan khdng ¢é dan con co du-qrc 1a khd I6n, né chifa cdc
dan thdéa man dicu kién cha dinh 1y Hoan Mml\ Clmm\g [2) : "Nfu M 1a dan modular chidu cao
lu}u han dia p!umng va khong phin 1ich xuycn tinh duoc thi Sub(M) xdc dinh M tdi mifc ding
cu hozic d8i ding chu”

Hnn nita dudi diy ta cdn ching td K chifa ch nhing dan nira modular khong phin tich
wyén tinh dwoc. Ta nhiic lai khéi ni¢m nay [4)

Cho x.y € L. dan bt ky. ta néi phin td y phii phin wh x néu x <y va [x, y] I khohng dom.
Dan L do dai R hitu han dwoc goi 12 nira modular néu né théa man didu kién : a, b phiia A b
thiavbphiab(bel a=b).

Mgnh d& 2.4. Néu M 12 dan nira modular khunl, phin tich tuyén tinh dwoc lhx M khéng c6
dan con co dugc.

(hu‘ng minli : Gid s M c6 dan con co duoc A, Tuong ty nhu déi voi ménh d& 2.3 ta gid
thiét3a.be A ke M\A<aoc||oa<bvak || a. b. Viiy M cé dan con ngt gidc N5 (H.1).
Vi M 6 dp dai haru han nén cé thé chon a, k sao cho a, k phu a Ak Viyav k khong pht a,
didu n’xy mau thuln yoi gid thiét M Ia nira modular, \1cnh dé dwoc chiing minh.

R
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H.2

Trong (H.2) 11 hai kidu dan khong 6 dan con co duoc. Dan A 12 nira modular md khong 5
modular, con d2n B 12 mét vi du chn thiy In'p K con chifa ch nlurng dan khong phai 12 modular
va nira modular. Dudi diy ta s chi ra mét s kitu dan nhur thé.

Trude hét 1 cde dan ty do [4). Dan ty do F = FL(X) vdi tip cic ph?m b sinh X ={xj, iel}
duoc xdy dyng nhu sau:

(i) F gdm cdc "wt" duoce dinh nghia bing quy nap (theo do ddi) nhu sau:

a) X i e [ I cde wr vdi o dai d(x;j) = 0.

b) Néu u, v I cc tr sao cho d(u) + d(v) = n - 1 thi u A v, u v v Iache tr dbi vdi do dai
d(u Av)=d(uvv)=n.



(ii) Quan hg thif ty "s" trén F duoc dinh nghia dira trén nhang quy tée sau:
()pvgs<a nfupsavagsa,
2) bspag nfubspwvibsg
B)pagsa nfupsaholicqgsa,
4bspvqg nfubsp holcbsg

Gdiytaquy udc:x,ye Xthhxsyeox=yvadia=bnéuasbvabsa DEding
suy ra quan h§ < 12 mot thyf .

(iii) Dt Inf (p.g) = p A q va Sup (p, q) = p v q. T® cdc quy the (1) - (4) ta suy ra F 1a mot
dan.

(iv) D& dang suy ra tinh chit pho dung cha F : cho dan L bit ky va dnh xa f :X — L ta ludn
1udn c6 thé thiét 13p mdt déng chu dan ¢ :F— L sao cho ¢(xj) = f(x;), i el.

Ménh d& 2.5. Dan ty do F=FL(X) khdng ¢6 dan con co duoc.

Chifng minh : Céc truong hop |X|< 2 1 hikn nhién. Ta xét F voi |x|2 3. Gia sit F ¢6 dan
con co duogc A

(I) Xét phin tk u eA. Bling quy nap theo d(u) ta chifng minh khiing dinh sau :

(*) Néu x 12 phin ti sinh chifa trong u thi x e A.

Néu d(u) = 0 tfc u = x thi hidn nhién x € A.

Bay gi¢ ta gik thiét d(u) = n > 0. Khi d6 u = p A q hoiic u = p v q vi d(p). d(q) < n. Xét
hinh thoi <p, g; p A g, p v g>, theo dinh nghia 2.1 ta c6 p, g eA. Theo gid thiét quy nap ta c6
khiing dinh (*).

(11) Theo (*) va vi [A|> 1 ta suy ra A chifa it nht hai wr x, y vdi d(x) = d(y) = 0.

Xétzex,z*x.yNéuxvze Athilhco(PZ)lacdxvz>yvadod6xayho{&czzy
(quy tic (4)). Nhung didu nay khong xhy ra déi voi Xy, z2y. Viy ta lubn ludn cé x v zeA
va tt hinh thoi <x, z; x Az x vz>suyraze A. Vizlabitkytac6 X c A vadods A = F.
Pitu nay méu thuin vdi gih thiét A 12 mot dan con co duoc.

Ménh d& duoc ching minh.

Chif ¥ : Ta chiing minh dwgc cde din ty do FL(X) vdi |X|2 3 khang I modular. That vi
cho x, y, z € X, bliing cdc quy the (1) — (4) trong (ii) ta d& dang chifng td durgc rnng khéng the
xby ra bt d.‘kng thife (x A z) v (y A z> 2 [(x A z)v y] A z do d6 FL(X) khong théa man (x A z) v
(yaz)y=lxazyvylazh dung nhft thife trén dan modular.

Bay gior ta xét cdc dan ¢ bd duy nhdt [4]. Dan L ¢6 0, ¢6 1 théa man didu kign : Va e L
Faelsaochoana =0ava=1dugegoilddan cé bd duy nhit.

Ap dung cdc phuong phdp trong ly xhuyc& v& dan ty do, trong [5) R.P.Dilworth da chifng
minh dugc r?mg mct dan bt ky 12 dan con cla mdt dan ¢é bd duy nhit. Nhur vily dan cé bd
duy nhft khong hin I phan phéi, modular, mta modular v.v..

Mgénh d& 2.6 : Néu L 12 dan c6 bd duy nhit thi L khong c6 dan con co duoe.
Chifng minh : Gih st L ¢6 dan con co duoc A.
1) Ta chwfng minh 0, 1 ¢ A. Gii st 0 € A holic 1e A. Xétk e L, k = 0,1 va hinh thoi

<k, k% 0, 1 > Theo dinh nghia 2.1 ta c6 k € A. Viy A = L, didu ndy mau thuln vdi A 1a dan
con co duroc.

2) Vi |Al> 1 ta gih thidt 3, b € A sao cho a < b. Xét phin t bd @' clia a. Theo 1) ta ¢
a'¢ A vatheo (P3) o' || b. Hifn nhién a'v b = 1. Xét a' A b : theo (PI) a' A b < a, suy ra
a'absa aa=0. Viybcing 1 phin tk bd cha o, didu ndy miu thubn vai gih thiée .

Ménh d& dwoc chifng minh.
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ON THE CLASS OF LATTICES HAVING NO CONTRACTIBLE SUBLATTICES

Nguyen Duc Dat
College of Natural Sciences, VNU

Studying a Gratzer's problem [1] on the lattice Sub(L), in [4] we have given a condition on
a lattice L under which Sub(L) determiges L up to an isomorphism or a dual isomorphism, that
is, the lattice L has no contractible sublattices [3]. =

Tn this-paper, we study the class K of all lattices satisfying the above mentioned condition.
We have shown some different types of lattices, wich belong to K such as the modular and
semimodular lattices having no linear decompositions, the free lattices and the lattces with
unique complements. g



