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VE MA TRAN CARTAN CUA F,[GL,(z/p)] VA F,[M,(Z/p)]

Nguyén Gia Djnh
Khoa Todn, Pai hoc Téng hop Hué

1. GIGI THIEU

M@t trong cde bai todn duoc quan tim hang du hign nay trong ly thuyét ddng luin R vige
phin ra khéng gian phin loai cia mét nhém aben hitu han. Bai todn nay dwoc Harris vd Kuhn
quy v& viéc phin ra khdng gian phan loai cha mét p-nhém aben so cp, vdi p 2 mdt sé nguyén
5 [6]. Didu ndy din dén R phai tim hidu vé cdc bitu didn bt khd quy clia cdc dai s6

M=F, [M (27 p)] wG=F [GL“ (z1 P)]»tmng 46 bi&t diroc ma twin Cantan ciia ching

1 rt quan trong vi hitu ich. Tuy nhién b2i todn tim ma trin Cartan cha cdc bidu dién modular
12 rit kh6. Trwdng hop n = 1 I tim thuong, ma trin Cartan trong truéng hop n =3 va p = 2
dwoc xdc dinh trong [5]. N6i chung cho dén bay gior ¢6 rflt it thdng tin v& ma tran Cartan cla M
va G.

Trong (6] Harris va Kuhn ching minh dwoc rling dai s8 M (t. . G) ¢6 p? (t. w. (p-Dp"-1)
médun bit kha quy phén bi¢t md duoc ky higu 12

(S| 0SAg <p-1Lisksn}
(t.u.{S‘ (d |0SAgSp-L 1<k <n-10<A, < P*Z} ) Goi Poyt w.P'y)

1a phii xa Anh cla Seay (tr Sy Vi ey (L e'()) 12 mt phin wr loy di‘m‘g nguyln thiy
trong M (t.r. G) voi P(;‘) = Meg;, (l.uvP(,i); Gc‘(;\))A trong d6 & R hy...0y bl ky thoda man
nhu & wén. Goi Cyp (L. <) I sé Jin S, (Lu. S xulit hi¢n trong mdt day hop thanh cla
PGy (L Pyl Ma i (¢p) (L. (€500 €0 p? « pP (L. (p-1) p™ 1« (p-DpP1) durore goi
Ia ma trin Cartan chia M (Lu. G). Ma wdn Cartan cla G 13 mdt ma wfn di xvng (12). 83.10).
ma trin Cartan clia M cing viy.

Trong bai bfo ndy, ching 6i dwra ra mdt s8 twng hop din dén e = 0.va ¢5 = 0. Ngodi
ra tr két qud cha Glover ([4]), ching 6i md th mdt cdch cy thé ma tran Cartan cha M vd G
trong trudmg hop n=2 va p 13 mot s& nguyén 16 bt ky.

Téi xin chan thanh chm on thiy hrdng din 12 PGS.TS. Huynh Mii da c6 nhitu goi y quy
bdu va tiin tinh gitip dov trong viée hoan thanh bai bdo nay.

2. CAC BIEU DIEN BAT KHA QUY CUA M VA G
Tiép sau viée xdy dyng clia James va Kerber trong chuong 8 clia [7] v& cde mddun bt kha
quy ctia FIGLA(R] va UF trong dé £ 12 mdt trwomg bit ky Upva 1 mot F - dai s6 k&t hop
ndo dé, Harris vi Kuhn md (4 cdc bidu didn bt kha quy ctia M va G trong $6 cia [6).
Vdi mii dly @ = (@), o) rong d6 o - ajpq 2 04 = Lo 0=l vh ap 20, thn tai mot

M-mddun W c6 tinh chit né 1 mdt médun con cha VO _.@V(m lin) rong d6 V = F,‘,‘ va

m=o +..+0o, ([71,8.1.6). W dioc goi 1a madun Weyl (irén Fp) va a duoc goi 1 mit
phan hoach ctia m. Ton tai mt dang song tuyén tinh % ° W& x W& Fp sao cha  ¢%ax, y)=
o%(x. aly) vdi a e My(Z / p) (' clmyén vioclia a), vd X,y eW® ([7].8.2.8,8.2.11). bat
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W = {0 eW*|$*(0,0)=0 vdimoi Ve W | A, =a; 0y vil<isnlv

a,. Tacé thé viét S()...

o) thay vi WO/ W

Dinh Iy 2.1 (6], §6). Lr(M) = (S("l v 10S )'k sp-1,1sk <n},
Irr(G) = (S’m ..... ) los }‘k sp-l.lsksn-lgs ).n <p-2}.

M
wong d6 S0y vty = RESG (S oy)-

Goi B(Z/p)” 1a khang gian phin loai cia p- nhém aben’sor cAp (Z/p)™. cdng véi mot didm
gée roi, nghia I B(Z/p)',: = B(Z/p)" V 5 (wong bai bdo may, cdc wromg dwong dirgc

hidu 12 én dinh p-dia phuong). Hang 1t dn dinh cha Bl Z/p 2 wong wng voi S, (L u. S, )
BRI 0

duoc ky hidu A X | (Low. X', ). )
e ky higu B X, (o X ).

Dinh 1y 2.2 (|6]. § 6).

(i) B(Z/p){= Vi dimtS;) Xy, B(Z/ )} = Vi dimS'y X5

(cdic (@p chi sé dwoe cho trong 2.1.)

() Xy = X0

(UDRS Kbyt néu 0<h, <p- 1,

R

V) X0 gy = X0 OV Xy g o p-1)

3. CAC KET QUA CHINH

Dinh 1y 3.1.

(i) Néu 3. = (0..... 0) hay & = (p-l.ee p-1. k) Vo ISk < p-1 thicph = 1 néu p = A va O trong
cdc twdng hop Khic,

(i) Néu & = (p-1.ccee p-1. k) veii 0 5k < p-2 thi ¢k = 1 néu = & v 0 trong cdc trdng hop
Khéc.

Chifng minh : Voi k deogce cho ta chi cin chifng minh Mc(2) va G'e(2) Ix bAt kha quy. (i)
Ké qui ¢6 ngay 1 19] voi chii § 13 S'py ok =Sty v 0 < ks p-2 . trong dd St I
bitu didn Steinberg.

(i) Vi X, 0) = X(O) = 5O (2.2¢ii).(iii) nén (0....,0) P ma trfin 0. Do d6 dim Me(g_0)=1

hay \1;(0 0.’...'.” bt khd quy. Vi 1 <k < p-2. c(p P .| k) V2 €'(p-1, L p-lok) lién hop
2 bit kha quy. Do s’ Me(p-1.. 1. k)

voi nhau lmng G (2.2(iv). nén theo trén Ge(p-1.....p-1.k
12 bit khit quy vei 1<k < p-2. Con vesi k = p-1 thi clurm minh trong ur nhw trong 211 cia 5]
@ cling €6 Me(pop -1y 1 bit kha quy,

Dua vao céc LLl quh clia Glover ([4]). ma tfin Cartan clia G vd M trong twdng hop n = 2
duoe mo th cu th trong hai dinh 1y dudi diy. Ky higu Ak VA B 12 hai ma trfin c6 k x k nhe
sau:




210000 110000
121000 121000
012000 012000
001000 001--000

Ay S e Bl B R
000 --100 000--100
000 --210 000210
000 121 000121
000 012 000--012

va Iy 12 ma trin don vj c6 k x k.

Dinh 1y 3.2. Vdi n = 2, tdn tai mot sip xép cdc G- mddun bit khd quy sao cho ma trin
€artan cta G 12 mét ma tfin khéi gdm p khéi trong d6 ¢d” p-1 khdi Ap.q va mt khéi cudi
It -

Chufng minh: T 6.1 clia [4], Ge'(; | ;,)c6 cde nhn wh hop thanh nhw sau:

1) S't0,13) vGi d6 bi 2 va S'(p-3.354y) Vi d0 bdi | nu A =0;

28\ ag) Vi 06 i 2 v2 S'(poionyhg 420 +1) vifi 40 b3 1 va Sl iy +hay VO
do boi 1. nfu 1S Ay <p-2; ’

3 S'p-1,22) veii 0 bai 1néu Ay =p - L.

Do k&t qub c6 ngay tr cdch sip aép sau day. Cde S0-122) dwoc s3p xp ihco p nhém. p-1
nhém diu theo th tr ting din cia i=(A) +2X;) (mod p-1) véi 0 < i < p- 2 w2
0% Ay < p=2, vanhom cudi o6 it ty B {8/, 10y, Sy, poz)} Trong nhém this i e

néui = 2k, va

-3
thef tr nhe sau: {SIZI‘k ~0)s S'(p-3-20,k+t41) }wﬁ ¢ ting din w 0 dén p2

-3
{S'w-u-z,wu)'S'zm.km}m; ¢ ting dhn 1 0 dén P nfui = 2k + 1. & diy

AyeZ/(p-1).

HE quh 3.3, Véin = 2, G c6 2p - 2 phin t 10y ding khdi .
Chifng minh : K& quh c6 ngay tr $5.1 cia [2] va 3.2.

Dinh Iy 3.4. Vdi n = 2, tdn tai mdt sfp xép cdc M-mddun bt kha quy sao cho ma trin
Cartan clia M 12 mot ma trdn khéi ghm p khdi theo thif ty Cy.... Cp . | . Ip. trong d6

s voi

By 0 <=
C,=Cy_) =B, Cy =Cpy =[ k[;] Ay J.Zskspzl
Bk



0100
)

000---0J

Chifng minh: Tt 6. 1 va 7.1 cta [4], Me(klv;‘,) ¢6 céc nhdn tk hop thanh nhur sau:

1) S(0,0) voi do bi 1 néu A =23 =0,

2) S(o, i do boi 2 va S(p-3.394) V61 40 B3I 1 nu 4, =0 V2 0 <Ay <p-1,

3) Sco,p -1y v dO bSI 2 VA Spap  voi do boi 1 va Scy_y, o) v d bdi 1 néu A, =0
vaky=p-1

4) S(3,.0) vi 6 bdi 1v2 S(p-i =12y v0i dd bdi I néu Ay =0 va IS A <p-1

5) S(p-t-ig.ng) VO 00 baL 2. Sq, 1y Vo 0 bOI 1. S(ay, p-1y voi d6 B3I 1 va
S(h2,0) voi do bdi 1 néu 1S Ay <p-2 v A = p-l-24y;

6) S(ay.hz) VO 08 B3I 2, S(p-3-n dy+ry+1) VO 4B bOi 1 va S(p1-ny.2422) v6i dO
boi 1 nfu 1S A <p=2,13>0 42 Ay#p-l-2y;

7) S(p-1,02) v do bi 1 néu Ay >0 vy M =P -1

Do két qui c6 ngay 1t cdch sip xép sau day. Chc S(’»Mz) duge sp xép theo p nhém, p - 1
nhém dhu theo thif ur ting din cha i = (A, +2X,) (mod p—1) vdi 1si < p -1 trong d6

1 2 p lsp g

(MoAg) €((0,0), (p=1, D(p-L p=D} va nhom  cudi cd” e w R
{S0.0y+ Scp-t1ys oo s(p-l.p—l)}' Trong nhom thf i ¢6 thif tur nhur sau:

{ S(k, 0> Sp-1-k,k)» {Sk-zu»5<p+ze—x-k,u-z>}lgs[_g] o
2

{s(k+21—2.p-l)rS(p—Zl-l—k, k+t)}1$[S[P—l-k] } ntwosks p;l,vh
2

{S<k.0), Sp-1-k. k) {S(k+2F—2.p—t)-S(y—Zl—l—k.k+{)} lsls[p—l—k} ,
2

2 2

HE quh 3.5. V&i n=2, M ¢6 2p - 1 phin tt oy ding khéi.
Chifng minh: Két qui c6 ngay wr 55.1 cha [2] va 3.4.



Xét Fp(x!"-"xn] 12 vanh da tnic theo n bién trén trwomg Fy, vanh ndy duoc tde dong
bén trdi bdi M“(Z/p) theo céch thong thudng. Do dé vanh da thde bi chii
k k
F',[xl,,...x,,]/(x[’ e X ) cong dwoc xem R mdt M, (Z/p) - mddun i,

Vi k> 0, dit Ay = (k)| OS2 < pel voi L sisk dy =0 Agyp = = iy = 0), V2
Ag = {(0,.... 0)). Rd rang cdc M-médun bt khd quy phan biét c6 tip chi sé 1a U Ak'

Dinh 1y 3.6. Vi bit ky A e Ak(k 2 0), o = 0 néu S(H) khéng 13 mot nhin uk hop thank
ca Fy[xp,..., .\]/(XF D)

Chifng mimh : Theo 2.2, 1dn tai mét phin w10y diing ¢ trong M sao cho ) '\/Ic()) 13 mét hang
b clia Me v eB(Z/p)} = B(Z/p)} . T 26 cla [5] 1 o6 ding cfu khong gian vecte
e Me = e(;,yHom, (H (B(Z/Ph), H (B(Z/p)é)))‘ trong d6 A 12 dai s Steenroc
mod p v déi dong ditu duoc liy hé s§ uén wuwong F,. Do do wr [1] ta e

g e Tp

e =Me= e, \F,[M, (Z/p)] Theo 18 v 19 cia 18]
dime(“)Fp[M wk(Z1p)]= dime(“,Fl,[xl‘ ,‘]/(x[ . .x,.
M-méddun Me bing dime,Me (2], 54.16). vi viy biing

Do boi cla S(y trong

: K K g
dime,)Fy[x),..., x,‘]/(xf <oxh )ufe B bing do BHi cha S(u) wong M-mddur
k
Folxi.... X..]/(x ~oxh ) (120 54.16). Do d6 néu S(,) khong 13 mot phin b hoy
P (n) &

3 "
thanh clia Fp[x,,...,x“]/(xr s Xh ) hi Sy cong khdng 2 mdt nhin uf hop thanh ct
Me. Ditu ndy suy ra Cy, = 0.

F
Trong “p" chon mét phin (F @ sao cho o sinh ra nhém cyclic gdm cdc phin (¢ kha di

n-1
x . p & v i s
trong F o, nghiala F aESO > {(n, u]p, : ,(D' } tpo thainh mét cor s& cha F"“ ut
P P

. -1 )
Ep (13, Goi p(x) = ag +a;x + .+ a,x"" +x" da thic i thitu cia o . Goi

(000 -a, )

100 -a
0 -a,

W00 1 -a,_
13 ma tedn ¢6 n x n teén Fyy bibu difn phép nhan véi o theo co s& {1, o o™} Khi a6 dé
vdi tdc dong clia 0 Ién S(2). c6 cde gid trj ricng dang ol voij = m;, (mod p-1), trong d6
b= (e X)) V2 my =30 KAy Ngodi ra bing: chch dit €5 =X jaimod p-1y€j  trong d
.

—kjok
Ol ZLO K va Fp“ [Fanej I cdc bitu didn mot chidu phin bigt cha F,,“ tré
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:p“ . ching 18i ¢6 dwoc cfe g, (0<i<p-2) Iacic phin tf 10y ding tryc giao nguyén thiy

3 .
s tbng bling 1 tiong F[Fyl.
Bb d& 3.7. Céc gid tri riéng cla tdc dong 0 1én Mg; va Gg; I ol vdi j = i(mod p-1).
Chifng minh : o) 1 mdt gid ui riéng cba tde dong cha 0 l1én Mgi néu va chi néu

.:p" {F;“}ej 12 mdt nhin wk hop thanh cla Fp" [M,(Z/p)lg; Ditu nay wong duong véi

EJ(FP,‘ [M“(Z/p)]g,) 20 (121, 54.12). Bidu ny xby ra néu va chi néu ejg; 20 (i g

hude tam cha Fl’" [M,(Z/p)] . wghia In j = i(mod p-1) . Tredng hop sau dwoc ching
ninh hoan todn wrong tr. )
Pinh Iy 3.8 LN
('/mn;: minh : '\h( (tar. Gc(;)> 1 mdt hang wi cla Mg; (tur. Ggj ), trong d6 i = my(mod
p-1). Vi viy theo ) d‘. wén, cde gid tri riéng cha tdc dong cla 6 1én Me(h) (Lu. Ge'(h)) ¢6 dang
yi n,(mnd p-1). Ngodi ra cde gid lu riéng cla tdc dong cla 0 1én S(“ cong nhu S () I

c6 dang o) voi j = m (mod p-1). Do dé néu Sy 1 mot nhin ur hop thanh cia Me(y) thi m,
= my(mod p-1). Dmh Iy dwoc chiing minh.

Ovac, =0 néu my = my(mod p-1).
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ON THE CARTAN MATRICES OF F,[M, (Z/p)] AND F,[GL,(Z/p)]
Nguyen Gia dinh

Hue University

One of the most significant problems is homotopy theory at present has been the problem of
finding stable splittings of an abelian p-group into wedge summands, completed at p (here p is
an prime number). Harris and Kuhn reduced this problem to the special case of an elementary
abelian p- group. Hence we have to consider the irreducible representations of the algebras
Fo{M(Z/p)] and Fy[GL,(Z/Pp)). in which it is very important and uscful to know about
their Cartan matrices. Till now there are few informations about the Cartan matrices.

In this paper, we describe explicitly the Cartan matrices of  Fy[M(Z/p)] and

Fy[GL,,(Z/ p)] when n = 2 and p is an arbitrary prime number. For n > 2, we introduce some
important informations to determine some entries of these matrices.



